Math 204, Fall 2020 Homework #1

Problem 1. The following systems of linear equations have unique solutions. Use Gauss’s Method
to put each system to echelon form, and then find the solution. As you apply row operations, show
the result of each operation and show which operation you are applying. You can specify a row
operation using the same notation as the textbook. You can combine several row operations of the
form p; + kp; into one step, as long as they use the same p;.

20 -3y = -1
(a)
r +2y = 3
) +2x3 = 3
(b) x1 —mo —3rz = -2
201 4+4x9 —x3 = 0
ty +z =1
r -y —2z = 2
(c)
2% +y +z = 3
r —y = 4
(a)
2 —3y = -1 —3p1+ p2 2 -3y = -1
7 7

From the second equation, we get y = 1. The the first equation gives 22z = -1+ 3y = -1+ 3 = 2,
so x = 1. The unique solution is x = 1, = 1. (Note that the solution can be checked by plugging
these values into the original equations.)

(b)

T2 +2x3 = 3 oL po ry —xo —3x3 = —2
xr1 —x9 —3x3 = —2 _— X9 +2x3 =

2¢1 4+4x9 —x3 = 0 2x1 4+4x9 —x3 = 0
—2p1+p3 r1 —I2 *3$3 = =2

_— r2 H2x3 = 3

61’2 51’3 = 4

—6,01+p3 il —x9 —31’3 = -2

_ ro +2x3 = 3
—Txs = —14



The last equation gives 3 = 2. Then the second equation gives xo = 3—3x3 = 3—4 = —1. Finally,
the first equation gives 1 = —2 4+ 22 + 3x3 = —2 — 1 + 6 = 3. So the unique solution is z; = 3,
xTo = —1, xr3 = 2.

(c)

—pl + p2
+y 4z = 1 —2p1 + p3 r 4y +z =1
—y -2z = 2 —p1+ P4 -2y -3z = 1
_—
2r +y +z = 3 -y —z =1
r -y = 4 -2y —z = 3
r 4y =z 1
e
-2y -3z =1
-2y —z = 3
—2p2 +p3 r 4y 4z = 1
—2p2 + pa -y —z = 1
_—
-z = -1
z = 1
r +y +z = 1
p3 + p4 -y —z = 1
_—
-z = -1
0 = 0

The final 0 = 0 row is always true. The third row gives z = 1. Then the second row gives
y =z + 1 =2. Then the first row givesz =1—y —2=1—-2—1= —2. So, the solution is x = 2,
y=-2,z=1,

Problem 2. For each of the linear systems in problem 1, rewrite the system in the form of an
augmented matrix. For this short problem, you do not need to show any work, just write the
answers. You just have to write the augmented matrix form of the original system of equations.

2 —3|-1
(a) (12 3)

0 1 2|3
(b) 1 -1 —3|-2
2 4 —1]0



1 1 1|1
1 -1 =212
c
©) 2 1 113
1 -1 0 |4

Problem 3. The following systems are already in echelon form. Each each system has an infinite
number of solutions. Express the set of solutions in vector form. The answers will have a form
similar to {1 + ava + b¥3 | a,b € R}, where vy, vo and v3 are column vectors of constants.

r -3y —=z = -1
(a)
2y +3z = 5
201 —x9 +3x3 +x4 225 = 3
(b) —x3 +2x4 —m5 =
T4 +4$5 = =2

(a) z is a free variable in this system, so it can have any value. To find the solution set:

z=aq
2y =5—3z
_5_3
Y7579
_5_3
— 3 9
r=—-14+3y+=
5 3
EPURCRE
= 5 2a a
EEEI
22
The solution set is
13 7 13 7
2 T2 2 2
534 | racRy = 2l +al-3] :acR
a 0 1



(b) z2 and x5 are free variables in this system, so they can have any value
s = b

x4:—2—4:r5
=-—2-4b

—x3=1—2x4 + x5

r3=—142x4 — 25
14 2(—2—4b)—b
= —5-0b

T2 = a

201 =3+ 1o — 313 — x4 + 275
—34a—3(—5—9b) — (—2— 4b) +2b
=3+a+15+270+2+4b+2b

=20+a+33b
1 =10 + %a + 3—;17
The solution set is:

10+ 3a+ 30 10 : 3

a 0 1 0

—-5—-9b ca,beR = 5| +al0]|+b] -9

—2 —4b —2 0 —4

b 0 0 1

s a,beR

Problem 4. The following augmented matrix represents a system of linear equations:

11 113
2 3 -1|4
1 2 =29

For which values of the variable b, if any, does the system have exactly one solution? no solution?

infinitely many solutions?

Apply Gauss’s method to the matrix:

1 1 113 e 1 1 1 3
—pl+p3
2 3 —-11/4 _— 01 -3 -2
1 2 =210 01 -3[b-3
1
—p2 +p3 s
E— 1 -3 -2



If b—1 = 0, then the last row is 0 = 0, and the system has infinite number of solutions because
there is one free variable. If b — 1 # 0, then the last row is of the form 0 = k£ where k # 0, so there
is no solution. Those are the only possibilities. So either b = 1, and there is an infinite number of
solutions, or b # 5 and there is no solution.

There can never be exactly one solution, there is no solution if b is any number besides 1, and
there is an infinite number of solutions if b is 1.



