Sequences and Continuity in Metric Spaces

Math 331, Handout #3

The main purpose of this handout is to give two properties of functions that are equivalent to
continuity, one in terms of sequences and one in terms of open sets. We will work with functions
between general metric spaces, so we need to start by defining continuity of functions and conver-
gence of sequences in metric spaces. The definitions are the obvious generalizations of continuity
and converge for R.

Definition 1. Let (M, d) be a metric space. Let {z;}7°; be an infinite sequence of points in M.
Let z € M. We say that the sequence {z;}72 ; converges to z if for every e¢ > 0, there is a natural
number N such that z; € Bc(z) for all n > N. In that case we write lim z; = z. We say that a
1—00

sequence in M is convergent if it converges to some point in M.

Definition 2. Let (A, p) and (B, 7) be metric spaces, and let f be a function f: A — B. Let
a € A. We say that f is continuous at a if for every ¢ > 0, there is a 6 > 0 such that
f(B§(a)) € BI(f(a)). (That is, for every ¢ > 0, there is a 6 > 0 such that for all z € A, if
p(x,a) <4, then 7(f(z), f(a)) < e.) For a subset X of A, we say that f is continuous on X if f
is continuous at x for every x € X. We say that f is continuous if f is continuous at every point
of A.

Our first characterization of continuity is in terms of convergent sequences: A function is con-
tinuous if and only if it preserves convergence of sequences. More formally, we have:

Theorem 1. Let (A, p) and (B, 7) be metric spaces, and let f be a function f: A — B. Let a € A.
Then f is continuous at a if and only if for every sequence {a;}°; in A that converges to a, the
sequence {f(a;)}°; in B converges to f(a).

Proof. Suppose that f is continuous at a, and let {a;}°; be a sequence in A that converges to a.
We must show that {f(a;)}:2; converges to f(a). Let € > 0. We need to find N such that f(a;) €
B (f(a)) for all i > N. Since f is continuous at a, there is a § > 0 such that f(B§(a)) C BI(f(a)).
Since the sequence {a;}{°; converges to a and & > 0, there is an NN such that a; € Bg (a) for all
i > N. Then, for any i > N, the facts that a; € Bf(a) and that f(Bf(a)) € B7(f(a)) together
show that f(a;) € BI(f(a)), which is what we needed to prove.

To prove the converse, we prove the contrapositive. Suppose that f is not continuous at a.
We must show that it is not the case that for every sequence {a;}°; in A that converges to a, it
follows that {f(a;)}32, converges to f(a). We do this by constructing a sequence {a;}:2; in A that
converges to a, but {f(a;)}:2,; does not converge to f(a).

Since f is not continuous at a, there is an € > 0 such that for every § > 0, f(B§(a)) € BI(f(a)).
For each i € N, letting § = 1, we have that f(Blp/Z.(a)) Z BI(f(a)); thus, there must be some

a; € Bf/i(a) such that f(a;) € BI(f(a)). Then the sequence {a;}°, converges to a (because given
any § > 0, we can choose an integer N > %, and we then have for n > N that % < % < ¢ and
therefore. a; € Bf/i(a) C Bf(a) for all i > N). However, the sequence { f(a;)}52; does not converge

to f(a) (because for every i € N, f(a;) &€ BI(f(a))). O



One nice application of the sequential characterization of continuity is an easy proof that the
composition of continuous functions is continuous.

Theorem 2. Let (4, p), (B,7), and (C,0) be metric spaces. Let f: A — B and g: B — C. Let
a € A. If f is continuous at a and g is continuous at f(a), then the composition go f is continuous
at a.

Proof. Let {a;}°, be any sequence in A that converges to a. Since f is continuous at a, the
sequence { f(a;)}32; converges to f(a). Since g is continuous at f(a), the sequence {g(f(a;))}2,
converges to g(f(a)), which is g o f(a). Since this is true for any sequence in A that converges to
a, g o f is continuous at a. O

Our second characterization of continuity is in terms of open sets. The fact that continuity
can be defined without using the metrics shows that it is really a topological rather than a metric
property. The theorem can be stated most cleanly in terms of continuity on an entire metric space.
In the proof, we use the fact that if f is a function f: A — B, then f(f~}(Y)) CY forall Y C B,
and X C f~1(f(X)) for all X C A.

Theorem 3. Let (4, p) and (B, 7) be metric spaces, and let f be a function f: A — B. Then f
is continuous if and only if for every open subset O of B, the inverse image f~!(0) is open in A.

Proof. Suppose f is continuous, and O is an open subset of B. We need to show that f~1(0) is
open in A. Let a € f~1(O). We need to find an open ball about a that is contained in f~1(0).
By definition of f~!, we have that f(a) € O. Since O is open, there is an ¢ > 0 such that
BI(f(a)) € O. Since f is continuous at a, there is a § > 0 such that f(Bf(a)) € BI(f(a)). But
then, Bf(a) C f~1(f(Bf(a))) C f~1(BI(f(a)) € f~*(O). So we have found an open ball about a
that is contained in f~(0O).

Conversely, suppose that f~1(O) is open in A for every open subset O of B. We must show
f is continuous. Let a € A. To show f is continuous at a, let € > 0. We must find a § > 0
such that f(Bf§(a)) € BI(f(a). But BI(f(a)) is an open subset of B, and it follows by our
assumption that f~1(B7(f(a))) is open in A. Now, a € f~1(BI(f(a))), so there is a § > 0 such
that BY(a) C f~'(BI(f(a))). But then f(B{(a)) C £(f(BI(f(a)))) C BI(f(a)). 0

This characterization of continuity gives another easy proof that the composition of continuous
functions is continuous. The proof is left as an exercise. We finish with two theorems about compact
sets. The first is a version of the Bolzano-Weirstrass theorem for sequences. The second says that
the continuous image of a compact set is compact.

Theorem 4. Let (M,d) be a metric space, and suppose that K is a compact subset of M. Let
{zi}32, be any sequence of points in K. Then {z;}3°, has a subsequence that converges to a point
in K.

Proof. If the terms of the sequence include only finitely many different points of K, then at least
one of those points, say x, occurs infinitely often in the sequence. Then {z;}°; has a constant
subsequence consisting of all the occurrences of x, and that subsequence converges to x, which is
in K since every x; is in K.

So, suppose that the terms of the sequence include infinitely many different points in K. Since
K is compact, the infinite subset containing all of the terms of the sequence has an accumulation
point in K (by Theorem 2 in Handout 2). Let z be that accumulation point. We show that
{x;}5°, has a subsequence that converges to z. We use the result from Exercise 5 in Handout 1,
which implies that for any e > 0, the open ball B.(z) contains infinitely many of the terms of the



sequence. Since z is an accumulation point of the set consisting of all the z;, there is an index iy
such that z;; € Bi1(z). Then, since By /y(z) contains infinitely many terms of the sequence, there
is an index iz > i1 such that x;, € Bj/5(z). Then, since B;/3(z) contains infinitely many terms
of the sequence, there is an index i3 > iz such that x;; € Bj/3(z). Proceeding in this way, we
obtain indices i1 < 42 < i3 < --- such that x;, € By/,(2) for all n € N. It follows easily that the
subsequence {x;, }°° ; converges to z. O

Theorem 5. Let (A, p) and (B, T) be metric spaces, and let f: A — B be a continuous function.
Then for any compact subset K of A, the image f(K) is a compact subset of B.

Proof. Let K be a compact subset of A. We show that any open cover of f(K) has a finite
subcover. Suppose that {O,|a € &/} is an open cover of f(K) in B. By Theorem 3, each
set f71(0,) is open in A. Furthermore, the collection {f~1(0,)|a € &/} covers K (since for
k € K, f(k) € O for some 3, and then k € f~1(0p)). Since K is compact, it has a finite subcover,
{FH0u8), FHOu), ..., 1O} Tclaim that {O4,, Oas, - - -, O, } is a finite subcover of f(K).
In fact, let b € f(K). Then z = f(a) for some a € K. Now, a € f~1(O,,) for some i. So,
b= f(a) € f(f1(O,,;)) C On,. That is, every element of f(K) is covered by some O, . O

Exercises

Exercise 1. Let X be any set, and define the metric p on X as in Exercise 1 from Handout 1:

0 ifa=0b
p: X x X — R by p(a,b) = | ifash Suppose that {x;}2°; is a convergent sequence in the
if a
metric space (X, p), Show that there is a number N such that xy = zy 41 = 2n42 = - -. (We say

that the sequence is “eventually constant.”)

Exercise 2. Let (X, p) be the metric space from the previous exercise, and let (M, d) be any metric
space. Show that any function f: X — M is continuous. (There are at least three possible proofs:
using the definition of continuity, using Theorem 1, or using Theorem 3.)

Exercise 3. Let {z;}72, be a convergent sequence in a metric space. Show that its limit is unique.
That is, prove the following statement: if {x;}5° ; converges to y and {z;}22, converges to z, then

Y=z

if x <1

Exercise 4. Define f: R — R by f(z) = “ 1 =1 PFind a sequence {z;}°; that con-
r+1 ifx>1

verges to 1, but {f(z;)}32, does not converge to f(1). And find an open subset O of R such that

f~HO) is not open. (R here has its usual metric.)

Exercise 5. Let (M,d) be a metric space, and let f: M — R and g: M — R be two functions
from M to R (where R has its usual metric). Let € M. Suppose f and g are continuous at x.

Show that the function f + g is continuous at x. (Hint: Just imitate the proof for functions from
R to R.)

Exercise 6. Use Theorem 3 to prove the composition of continuous functions between metric
spaces is continuous.

Exercise 7. Let (M,d) be a non-empty compact metric space and let f: M — R be a continuous
function (where R has its usual metric). Show that f(x) achieves a minimum value and a maximum
value. This is a generalization of the Extreme Value Theorem. (Hint: Use the fact that f(M) is
compact, and apply Exercise 8 from Handout 1.)



