Math 448, Fall 2014 Homework #2

This homework is due Friday, September 12

1. Use the Cauchy-Riemann equations to decide whether each of the following polynomials is analytic.
If it is analytic, find a complex polynomial Q(z) such P(z,y) = Q(x + iy).

a) Pi(z,y) = (z* — 3ay?) +i(y* — 32%y)
b) Py(z,y) = (¢* + y* — 62%y?) + i(42’y — 4ay?)
c) Ps(z,y) = (z — 22° + 2y?) + i(y — 4ay)

2. Suppose that f(z) is a complex-valued function defined on a subset S of C. Let 2, € S. Write a
careful proof that the following are equivalent:

a) For any sequence z1, 29, 23, ... of points in S, if 2, converges to z,, then f(z,) converges to
f(zo)-
b) For any € > 0, there is a § > 0 such that for any z € S, if |z — z,| < § then |f(z) — f(20)| < &.

3. Suppose that X and Y are connected subsets of C and that X NY is not empty. Show that X UY is
connected (using the definition of connected set).

4. Suppose that {a"} is a sequence of non-negative real numbers and that lim a, = L, where L < co.
n—oo

a) Show that {a,} has a subsequence that converges to L.

b) Suppose that M > L. Can {a,} have a subsequence that converges to M? Find an example or
show that no example exists.

¢) Suppose that M < L. Can {a,} have a subsequence that converges to M? Find an example or
show that no example exists.

(Note: A subsequence of aj,as,as,... IS a sequence ay,,an,,Ang, ... where n; < ng < ng---. A
subsequence can often be defined inductively; that is, given the first N terms of the subsequence,
show how to find the (N + 1) term.)

5. Suppose that f(z) is a complex-valued function defined on a neighborhood of a € C. Suppose that f
is differentiable at a, and that f'(a) # 0. Let g(z) = f(Z). Note that g(a) = f(@) = f(a) and that g
is defined on a neighborhood of @. Show that ¢ is not differentiable at @, using the definition of the
derivative.



