HOMEWORK ASSIGNMENT 2
MATH 3001 — FALL 2014
DuE FRIDAY, SEPTEMBER 5

Exercises:

1.2.5. Use the triangle inequality to establish the inequalities
(a) la—b| < laf + [b];
(b) [la] —[b]] < la — b].
1.2.6. Given a function f and a subset A of its domain, let f(A) represent the range of f
over the set A; that is, f(A) = {f(x): x € A}.
(a) Let f(x) = 2% If A = [0,2] (the closed interval {z € R: 0 < z < 2}) and
B =[1,4], find f(A) and f(B). Does f(ANB) = f(A)N f(B) in this case? Does
J(AUB) = f(A)U f(B)?
(b) Find two sets A and B for which f(AN B) # f(A) N f(B).
(c) Show that, for an arbitrary function g: R — R, it is always true that g(ANB) C
g(A) N g(B) for all sets A, B C R.
(d) Form and prove a conjecture about the relationship between g(AUB) and g(A)U
g(B) for an arbitrary function g.
1.2.7. Given a function f: D — R and a subset B C R, let f~!(B) be the set of all points
from the domain D that get mapped into B; that is f~'(B) = {x € D: f(z) € B}.
This set is called the preimage of B.
(a) Let f(z) = 2% If A is the closed interval [0,4] and B is the closed interval
[—1,1], find f~*(A) and f~Y(B). Does f~{(ANB) = f~1(A) N f~1(B) in this
case? Does f71/(AUB) = f~Y(A)U f1(B)?
(b) The good behavior of preimages demonstrated in (a) is completely general. Show
that for an arbitrary function g: R — R, it is always true that ¢g7'(AN B) =
g (A)Ng (B)and g (AUB) = g '(A) U g !(B) for all sets A, B C R.
1.2.10. Let y; = 1, and for each n € N define y, 11 = (3y, +4)/4.
(a) Use induction to prove that the sequence satisfies y,, < 4 for all n € N.
(b) Use another induction argument to show the sequence (y1,y2,ye, - ..) is increas-
ing.
1.2.12. For this exercise, assume Exercise 1.2.3 has been completed.
(a) Show how induction can be used to conclude that

(AyUAyU - UA,) = AS N ASA--- 1 AS

for any finite n € N.
(b) Explain why induction cannot be used to conclude

(G An> - ﬁ AC
n=1 n=1

It might be useful to consider part (a) of Exercise 1.2.2. [Hint: Can you use
induction to “prove” Exercise 1.2.2(a)?]
(c) Is the statement in part (b) valid? If so, write a proof that does not use induction.



