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Read section: 7.2

Definition 1. A partition P of [a,b] is a finite, ordered set
P={a=zy<z<--- <z, =0b}

Definition 2. For each subinterval, let
my = inf{f(x): © € [p_1, x|}
My, = sup{f(x): x € [xp_1, x|}

The lower sum of f with respect to P is

L(f,P) = my(Tr — Tp—1).
k=1
The upper sum of f with respect to P is
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U(f, P) = Mk(.ilfk—.iﬁk_l).

=1
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Definition 3. A partition @) is a refinement of P if () contains all the points of P, i.e.
PCqQ.

Exercise 4. Prove that if P C @, then L(f, P) < L(f,Q), and U(f, P) > U(f, Q).

Exercise 5. Prove that if P, and P, are any two partitions of [a, b], then L(f, P,) < U(f, Ps).

Definition 6. Let P be the set of all partitions of [a,b]. The lower integral of f on [a,b] is
L(f) = sup{L(f,P): P € P},

and the upper integral of f on |a,b| is
U(f)=mf{U(f,P): P € P}.

Exercise 7. Prove that if f is a bounded function on [a, b], then L(f) < U(f).

Definition 8. A bounded function f on [a,b] is Riemann-integrable if U(f) = L(f), and we
denote this value by fab f,ie. fabf =U(f) = L(f).

Exercise 9. Prove:
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Theorem. A bounded function f is integrable on [a, b] if and only if, for every € > 0, there
exists a partition P. of [a, b] such that U(f, P.) — L(f, P.) <

Exercise 10. Prove:

Theorem. If f is continuous on [a, b], then it is integrable.

Exercise 11. Let f(x) = 2x + 1 over the interval [1,3]. Let P = {1,3/2,2,3}.
a.) Compute L(f, P), U( ,P), and U(f, P) — L(f, P).
b.) Find a partition P’ of [1,3] for which U(f, P") — L(f, P’) < 2.

Exercise 12. Prove that the constant function f(z) = k is integral on [a,b], and find the
value fab f.



