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WORKSHEET 16
Read sections: 7.3-7.5

Exercise 1.
a.) Let f1:]0,1] — R be the function defined by
1 ifz=1

Silz) = {o itz 1.

Prove that f is integrable on [0, 1] and compute fol fi-
b.) Let A be a finite set of values in [0, 1], and define fo(z) by

1 ifzeA
fa) = {o ifr g A
Prove that fs is integrable on [0, 1] and compute fol fa.
c.) Let f5:[0,1] — R be the function defined by
1 if x =1/n for some n € N
falx) = {0 otherwise.
Prove that f3 is integrable on [0, 1] and compute fol f3.
d.) Let B be an infinite set of values in [0, 1], and define f4(z) by
1 ifxeB
Jalz) = {0 if ¢ B.

Prove that f; may not be integrable on [0, 1].

Exercise 2. Prove:

Theorem. Suppose f: [a,b] — R is bounded, and let ¢ € (a,b). Then f is integrable on
la,b] if and only if f is integrable on [a, c] and [c, b], i.e. f:f = [ f+ fcb f.

Exercise 3. Suppose that f is a bounded function on [a,b]. Prove that f is integrable on
[a, b] if and only if there exists a sequence of partitions (P,) satisfying

lim [U(f, P,) = L(f, P,)]

)
0.

Exercise 4. Prove:

Theorem. Assume f and g are integrable functions on the interval [a, b].
a.) The function f + g is integrable on [a, b] with fab(f +g) = fabf + fab g.
b.) For k € R, the function kf is integrable with ["kf =k [ f.

c.) lf m < f< M, then m(b—a) < fa”fg M(b—a).
d.)

If f < g, then [ f< [g.
1



2

e.) The function |f] is integrable and |fabf| < fab |f]-

Exercise 5. Prove:

Theorem (Fundamental theorem of calculus.).
a.) If f:[a,b] — R is integrable, and F': [a,b] — R satisfies F'(z) = f(x) for all = € [a, ],
then

b
/ f=F®) - Fla).
b.) Let f: [a,b] — R be integrable, and define

for all x € [a,b]. Then G is continuous on [a, b]. If g is continuous at ¢ € [a, b], then G is
differentiable at ¢ and G'(c) = g(c).

Exercise 6. Let f(z) = |z|, and define F(z) = [, f. Find a formula for F(z) for all z.
Where is F' continuous? Where is F' differentiable? Where does F'(z) = f(z)?

Exercise 7. For z > 0, let
1

H(x) :/ —dt.
1t
a.) What is H(1)? Find H'(z).
b.) Show that H is strictly increasing, i.e. show that if 0 < z <y, then H(z) < H(y).
c.) Show that H(cx) = H(c) + H(x).

Exercise 8. If g is continuous on [a, b], show that there exists a point ¢ € (a,b) where

g(C)Zbia/abg-




