6.1 — DETERMINANTS
UNIVERSITY OF MASSACHUSETTS AMHERST
MATH 235 — SPRING 2014

The determinant of a square matrix A is a particular number that can be computed from the entries
of the matrix. If A is the coefficient matrix for a system of linear equations, then the determinant
of A can be used to determine whether the solutions to the system are unique. If A represents a
linear transformation 7', then the determinant can be used to determine whether T is invertible.
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Example 1. What is det [c d] ?

Definition 2. The (i, j)-cofactor of an n x n matrix A, denoted A;;, is the matrix A with the i-th
row and j-th column omitted. The dimension of any cofactor matrix is:

For any square matrix A = { ] , the determinant of A is denoted by det(A), det [ } , Or

Example 3. Recall that for two vectors ¥ = (a,b,c) and @ = (d, e, f), their cross product is the
determinant of the 3 x 3 matrix
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Theorem 4. The determinant of an n X n matriz A can be computed by a cofactor expansion
across any row or down any column.

Example 5. Compute the determinants of the following matrices.

05 Uy 3 oo
4 -3 0]=1 +1 = 22 — 20 = 2. (expand down the third column)
2 4 4 =3
2 4 1
RN TR
=2|7 2 —-5|=2-5 = 10(7 — 6) = 10. (expand across the third row, then
200 O 31 8 3 1
8 3 1 8
the first row)
3 =7 8 9 -6
0 2 -5 7 3 (2) _15 g g 1 5 0 Lo
0 0 1 5 0]=3 =3-212 4 -1 :3-2-2‘ ‘le.(expand
0 2 4 -1 2 -1
0 0 2 4 -1 0 0 -2 0 0 -2 0
0o 0 0 =2 0

down the first column, then the second column, then the third row)

Theorem 6. The determinant of a triangular matriz is the product of elements on its diagonal.

1 -4 3 4
0 3 -4 -2

Example 7. 0 0 -6 2 =1-3-(—-6)-1=-18.
0 0 0 1



