Key Points

« the elements of boolean algebra

elements
operators
rules

* a common sense understanding of the rules

* applying the rules

* showing logical equivalence by finding chains of

equivalences
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Understanding the Rules

excluded middle: at least one of p or
—p must be true

contradiction: it is not possible for both
p and —p to be true

Double negation

Excluded middle
Contradiction

Identity laws

Idempotent laws

Commutative laws

pVg=gqVvp

Associative laws

(prgynr=pa(gnr)

(pVaq)Vr=pVvigVr)

Distributive laws pAlgvr)=(prqV(pAr)

pVIgAT)=(pVg)A(pvr)

DeMorgan’s laws S(pAg) = (—p) V()

=(pVvq) = (=p) A (—q)

note: common sense and obviousness
are not proofs — prove that these laws
are true with truth tables
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distributive law:

ace A (spades v clubs) =

(ace A spades) v (ace A clubs)

this card is an ace and either a spade or
a club is equivalent to

this card is the ace of spades or the ace
of clubs

DeMorgan'’s laws:
—(queen A spades )= -queen v —spade
this card is not the queen of spades

is equivalent to
this card is not a queen or it is not a
spade

—-(queen v spades ) = -queen A —spade
it is not the case that this card is a queen
or a spade
is equivalent to
this card is not a queen and not a spade

The Elements of Boolean Algebra

an algebra consists of a set of elements, operations

defined on those elements, and a set of rules that govern

the behavior of those operations

boolean algebra

elements: true (T), false ([)
operators: A, V, -, =, o, @, =

rules

CPSC 229: Foundations of Computation + Spring 2024

Double negation -(-p)=p
Excluded middle pv-p=T
Contradiction pA-p=F

Tdentity laws

Fvp=p
Idempotent laws pAp=p

pVp=p
Commutative laws | pAg=gAp

pVg=EqVp

Associative laws

(pAg)AT=pAlgnr)

(pvq Ve VigVvr)

Distributive laws

pA(gyT

Aq)V(pAT)

pVgAr)=(pVg AipVr)

DeMorgan’s laws

S(pAg —p) Vv (—q)

=(pVyq) = (-p) A (—q)
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Double negation =(-pl=p 9. For each of the following pairs of propositions, show that the two propositions
Rules Summary Excluded middle | pv-p=T are logically equivalent by finding a chain of equivalences from one to the
Contradiction pA-p=F - other. State which definition or law of logic justifies each equivalence in the
Identity laws Thap=p chain.
o a) phrighp). phg b) (-p) —a. pVva
Fop=p ¢) (pva)A-q. ph-g dyp—(g—=r), (pAg) =7
Idempotent laws pPApP=p e) (poriilg—r), (pvg) —r fyp—(phg). p—gq
S pNp=p
definitions — Commutative laws | pAg=qAp 10. For each of the following compound propositions, find a simpler proposition
_ that is logically equivalent. Try to find a proposition that is as simple as
pP-0=-pvq AR R hossible ) ‘
_ Associative laws (phg)Ar=pAighr) pos: S VIR
p<—»q=(—|p \ q)A (-.q Y p) L a) (prg)v g b) ~(pvg)rp c)p—p
(pvgvr=pvigvr) d) -pripvy) e) (ghp)—q fip=a)rn(-p—=4q)
Distributive laws pAlgvT (prayvipnr)
PVgAT) = (VO A (PVT) 11. Express the negation of each of the following sentences in natural English:
DeMorgan’s laws =(pAg)=(—-p)Vv(—q) a) It ]" sunny and cold. ) .
o ) A (=) b) I will have cake or I will have pie.
~p¥a) =) A ixg c) If today is Tuesday, this is Belginm.

d) If you pass the final exam. you pass the course.

* duality — for any tautology that uses only A, v, =, another tautology

can be obtained by interchanging A with v, and T with [ 12. Apply one of the laws of logic to each of the following sentences, and rewrite
- First Substitution Law — for any tautology containing p, another it as an equivalent sentence. State which law you are applying.

tautology can pe gbtalned py reEIacmg all gcgurrences of p with (Q) a) T will have coffee and cake or pic.
* Second Substitution Law — if P = Q, substituting Q for any occurrence b) He has neither talent nor ambition.

of P in Rresults in a |09|03||Y equV3|em proposition c) You can have spam, or you can have spam.

= chaining logical equivalences — P = R follows fromP=Q and Q = R
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