Notation

Notation | Definition

ac A a is a member (or element) of A

ag A —(a € A), a is not a member of A

AP2B A is a proper superset of B, same as B 2 A

P(A) power set of A, {X|X C A}

1} the empty set, which contains no elements also{}
ACB Ais a subset of B, Vz(x € A — 2 € B)
ACB A is a proper subset of B, AC BAA#B
ADB A is a superset of B, same as B C A

(VxeA)(P(x))

is true iff P(a) for
every element a of

A=RB A and B have the same memhers, A C BABC A the set A

AUuB union of A and B, {x|x € AVa € B}

ANB intersection of A and B, {x|x € AAx € B} (IxeA)(P(x))
ANB set difference of A and B, {z|x € ANz ¢ B} is true iff there is

some element a of

Figure 2.1: Some of the notations that are defined in this section.

A and B are sets, and a is an entity.

the set A for which
P(a) is true
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10. Suppose that A, B. and C are sets. Show that € C AN B if and only if

(C'C A)A(CCB).

11. Suppose that A, B, and C are sets, and that A C B and B C C'. Show that

ACC.

12. Suppose that A and B are sets such that A C B. Is it necessarily true that

P(A) C P(B)? Why or why not?

Boolean Algebra for Sets

* many of the rules of logic have analogs in set theory

one can blur the distinction between a predicate and the set of

elements for which that predicate is true
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. Use the laws of logic to verify the associative laws for union and intersection.

That is, show that if A, B, and C are sets, then AU (BUC)=(AUB)UC
and AN(BNC)=(ANB)NC.

. Show that for any sets A and B, AC AUB and ANB C A.

. Recall that the symbol & denotes the logical exclusive or operation. If A and

B sets, define the set AABby AA B={z|(x € A)& (z € B)}. Show that
AAB=(A~B)U(B~ A). (AA B is known as the symmetric difference
of A and B.)
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Double complement A=A Logic | Set Theory
Miscellaneous laws | AUA =U T %

ANA=0

PUA=A F 0

DAA=0 phg ANB
Idempotent laws ANA= pVaq AUB

AUA=A —p a
Commutative laws | ANB =BNA

AUB=BUA let U be a universal set and
Associative laws AN(BNC)=(ANnB)NC AcCU

AU(BUC)=(AUB)UC
Distributive laws AN(BUC)=(ANB)U(ANC) the Comp/ement of AinUis

Au(BmE):_AuB)m(AuC) K={X€U|X$A}
DeMorgan’s laws ANB=AUB

AUB=4nB
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4. Let A be a subset of some given universal set U, Verify that A = A and that
AUA=T.

5. Verify the second of DeMorgan's Laws for sets, A1 B = AUB. For each step
in your verification, state why that step is valid.

6. The subset operator, C, is defined in terms of the logical implication opera-
tor, —. However, C differs from the M and U operators in that AM B and
AU B are sets, while A C B is a statement. So the relationship between C
and — isn’t quite the same as the relationship between U and V or between
M and A. Nevertheless, C and — do share some similar properties. This
problem shows one example.

a) Show that the following three compound propositions are logically equiv-
alent: p—q, (pAg) < p and (pVq) < q.

b) Show that for any sets A and B, the following three statements are
equivalent: AC B, ANB=A and AUB =B.
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7. DeMorgan's Laws apply to subsets of some given universal set /. Show that
for a subset X of U, X = I/ ~ X. Tt follows that DeMorgan’s Laws can be
written as U~ (AUB) = (U~ A)N(U~B) and U~ (ANB) = (U~ A)U(U~B).
Show that these laws hold whether or not A and B are subsets of U. That 1s,
show that for any sets A, B, and €', C' ~ (AU B) = (C'~ A)N(C ~ B) and

C~(ANB)=(C~ A U(C~B).

‘ 8. Show that AU (AN B) = A for any sets A and B.

9. Let X and Y be sets. Simplify each of the following expressions. Justify each
step in the simplification with one of the rules of set theory.
a) XU(YUX) b) (XNY)NX
) (XUY)ny d) (XUY)u(Xny)

10. Let A, B. and C' be sets. Simplify each of the following expressions. In your
answer, the complement operator should only be applied to the individual
sets A, B, and C.

a) AUBUC b) AUBNC c) AUB
d) BnC e) ANBNC f) ANAUB
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