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Infinities

• a set A is countably infinite if there is a one-to-one 
correspondence between ℕ and A

• a set A is countable if it is either finite or countably infinite
– it is possible in principle to make a list of the elements of A

• a set A is uncountable otherwise
– it is impossible to make a list of the elements of A
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Infinities

• ℤ (integer) is countably infinite

• ℚ (rationals) is countably infinite

0  1  -1  2  -2  3  -3  ...
0  1   2  3   4  5   6  ...
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• use a diagonalization argument
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Infinities

• ℝ (reals) is not countably infinite

• ℝ\ℚ (irrationals) is not countably infinite

for any such list, a new 
number not in the listed 
can be constructed by 
picking a number not in 
bold for each column
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Infinities

– for finite sets, | 􏺖(X) | = 2|X| > |X|
– the “larger” relationship holds for infinite sets too

• can construct an infinite series of increasingly larger 
infinities with ℝ, 􏺖(ℝ), 􏺖(􏺖(ℝ)), 􏺖(􏺖(􏺖(ℝ))), … 


