MATH 130 MORE ON DERIVATIVES: DAY 17

The Product and Quotient Rules

Now suppose that f and g are two differentiable functions. We have seen that the
derivative rules for the sum, difference, and constant multiples of such functions
are straightforward. What about the derivative of the product f(x)g(x)? We might
guess that like limits, the derivative of a product is the product of the derivatives.
But this turns out not to be the case.

Even a simple example shows that this formula is not true. Let f(x) = g(x) =
x. Then f(x)g(x) = x2. So we know how to take the derivatives of all of these
functions. In particular,

but

so comparing, we see
D:[f(x)g(x)] # f'(x)8'(x).
To determine the correct formula for the derivative of a product, we carefully
use the definition of the derivative. So, assume that f and g are differentiable
functions. Then by definition,

Dx[f(x)g(x)] = lim fla+h)glx +hh) — f(x)g(x)

Add 0 to the numerator in the form —f(x)g(x + h) + f(x)g(x + h) to obtain

o R0 R) = (030 h) + (030 +h) = F(03(x)
h—0 h
then split the fraction into two limits

i JE DG ) — gt ) L f()8(x+h) — f(x)g(x)
h—0 h h—0 h
then factor each limit

:%%w-g(x+h)+%%ﬂx).w

and use the product rule for limits

i S~ £)
h—0 h
and use the definition of the derivative

= /() Jim g+ 1) + lim £(x) - ¢'(x)

and finally use that g is continuous so we can ‘just plug in’ & = 0 to evaluate the

. . 8+ 1) —g(x)
-1 h) +1 lim S——F——=
R L A

first limit and there is no & in the second—f(x) is constant relative to /, so
= fl(x)g(x) + f(x) - &' (x).
This gives us

THEOREM 12.1.18 (Product Rule for Derivatives). Assume that f and g are differentiable func-
tions. Then the product f(x)g(x) is also differentiable and

%[f(X)g(X)] = f'(%)8(x) + f(x)8' (x).

Let’s check that our new derivative formula gives the correct answer to the
problem we looked at above. Let f(x) = g(x) = x. Then f(x)g(x) = x2. So if we
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use the power rule

2 Ipx)s)] = 1) = 2,

and if we use the new product rule

d

T f()g(x)] = f1(%)8(x) + f(x)8(x) = Dx(x) - x+ x - Dx(x) = 1-x+x-1=2x.
We get the same answer whether we same answer whether we use the power rule
(much easier) of the product rule. Now let’s consider some products where the
product rule is the only tool that applies that we have developed so far.

EXAMPLE 12.1.19. Determine the derivatives of each of the following functions.

(a) 3x%e* (b) %(x2 —6x+1) (©) (4s° —1)(25+5)
@ (3x% —x)? (e) e

SOLUTION. We will need to use the product rule—so we will have to identify the
functions f and g, and then we will need to use athe earlier derivative rules that we
developed to find the derivatives of f and g.

fog fg I
N~ ~~
(@) Dy(3x* e° ) = Dy(3x%) - e* +3x? - Dy(e¥) = 6xe* + 3x%e* = (3x + 6x)e*.

(b) This time

f
8
~ =
X m— e X X
Dx[ % (x2—6x+1)] = Dy (%) -(x2—6x+1)+%~Dx(x2—6x+1)
f'g f&
— ——

X ex

:%(x2—6x+1)+ 6(2x—6)

ex
= g(x2 +2x —5).

(c) For the derivative of (4s3 — 1)(2s + 5), we could actually multiply the two
functions first and then take the derivative of the resulting polynomial. (Try
it and compare to the answer below.) However, we will continue to use the
product rule.

JEE A S
D, [ (45 —1) (25 +5)] = D, (453 —1) - (25+5) + (4% = 1)Dy(25 +5)
f's fg
= 125%(25 +5) + (4s° — 1)(2)
= 325% + 6052 — 2.

(d) For the derivative of (3x?> — x)2, we can convert the squaring function to a
product of two polynomials and use the product rule for derivatives or we
could performing the squaring operation first and then take the derivative. (Try
the latter method; what do you get?). Notice that instead of f and g we now

have f and f.
f f
——~
Dy [(39(2 - x)z] = Dy [ (3x% — x) (3x% — x)} = Dy (3x2 — x) - (8x% — x) + (3x® — x) D, (3x% — x))
f'f ff
= (6x —1)(3x% —x) 4+ (3x> — x)(6x — 1)
2f'f

—_——
= 36x° — 18x2 + 2x.



MATH 130 MORE ON DERIVATIVES: DAY 17 16

By looking above the braces, this example shows that Dy ([f(x)]?) = 2f'(x)f(x).
Shortly we will prove a general power rule for derivatives of the form Dy ([f(x)]").
t

(e) For the derivative of ¢?, we can write the function as a product [f(t)]? = efe'.

(Shortly we will see how to calculate D;(e?) directly.) For the moment, then we
can use the fact we demonstrated in pat (d) that Dy ([f(t)]?) = 2f'(£)f(t).

£ 2f’ f 2f'f
N —— N —
D{@%]zzm@ﬂ-w)zuﬂ@ﬂzk%
Let’s generalize this last example. We now know that if g(x) = ¥, then
Dy[g(x)] = Dy[e**] = 2¢?*. We can use this to determine Dy[e*] by rewriting
e3* as the product e¥e?*. Then

foo8 f's ¢
A AN — —
Dy[e*] = Dy[ € - (e*)] = Dy (€%) - € + e* Dy (e*) = e* - e** + " - 2% = 3%,
Now that we know the derivative of ¢3*, we can find the derivative of ¢** by using
the product e* - ¢3%.

f g f's fg'
~ =~ —N =

~ =~ —
Di[e*] = Di[ € - (€*)] = Dy (%) - € + "Dy (™) = e - ¥ + ¢ - 3% = 4e™™.
Take a look at the pattern: Dy[e?¥] = 2¢%%, Dy[e3*] = 3¢%%, and Dy[e**] = 4e**.
Using the same method as above, we can show that

COROLLARY 12.1.20. If k is a positive integer, then D [ek" | = kek*. In fact, a more general
result is true: If r is any real number, then Dy [e"™] = re'™.

EXAMPLE 12.1.21. Determine the derivative of f(x) = 6e~3*/2.

3

SOLUTION. Using Corollary 12.1.20, we find Dx(ef‘?’x/z) = 2 .6 /2 = _gp3x/2

Derivatives of Quotients

We have developed a rule for taking derivatives of products of differentiable func-
tions so it is natural to ask whether there is a rule to help us take the derivative of
the quotient of two functions % The simplest such quotient is a reciprocal of a

differentiable function, Sﬁ Let’s see if we can determine % {ﬁ} , assuming that

g(x) is differentiable and that g(x) # 0. Using the definition of the derivative, we

have

d[_1 TR 9 _ o, ST

a i 8 x+ 8 _ 1 g(x+h)g(x

dx {g(x)] }lzlg(l) h }lzlg(l) h
o 8(x) —glx+h) 1
N 1113(1) h g(x+h)g(x)

now factor out —1

o 8lx4h) —g(x) 1
N 11135 h g(x+h)g(x)

use the definition of the derivative to evaluate the first part of the limit and use

continuity to evaluate the second part

We have proven the following result.
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THEOREM 12.1.22. If g(x) is differentiable, then so is —-~ where g(x) # 0. Further,

8(x)
4 [L] __ 8K
dx | g(x) (g(x))?

This is a rule that you should not memorize. We will prove a more useful general
rule shortly.

EXAMPLE 12.1.23. We have proven that % [x"] = nx"~!, where n is a positive integer. We
then stated, but did not prove that the same power rule applied to negative powers. Now
that we have a reciprocal rule for derivatives, this is easy to demonstrate. Using Theo-
rem 12.1.22

d d |: 1 :| Theorem 12.1.22 nx' 1 nxt—1 n -1
X = .

oy _ a1 _ _ _ _
ﬂ[ ]_dx 1 (xn)z - x2n T gnt+l T nx

This is exactly what we claimed in the general power rule, Theorem 12.1.8.

EXAMPLE 12.1.24. Determine the derivative of ﬁ

Solution. Using Theorem 12.1.22, we think of g(x) = ¢?* + 3x? and ¢/(x) =
2e%* + 6x, 50

2% § 352 o

{ 1 ]:_ g(x) _ 2¢%% + 6x '
: (8(x))> (& +3x2)?

YOU TRY IT 12.8. Let k be a positive integer. Determine the derivative of g(x) = e™** using
Theorem 12.1.22 and Corollary 12.1.20.

=2~ = (xy-2)* "$'TT LI RAL NOX OL AAMSNV
Let’s turn now the general problem of derivatives of quotient functions. Sup-
pose that f and g are differentiable and that g(x) # 0. To determine Dy (%) we
can think of the quotient as a product using a reciprocal. Using both the product
and reciprocal rules,

=
=

N—
+

In other words, we have shown

THEOREM 12.1.25 (Quotient Rule for Derivatives). Assume that f and g are differentiable and
that g(x) # 0. Then f(4) s Qifferentiable and

g(x)
L3 (f(x)> _ f'(x)g(x) = f(x)g'(x)
dx \ g(x) (8(x))? '

Note: Though we computed the general formula for the quotient rule using the
reciprocal rule for derivatives, in general you should not do a the derivative of a
particular quotient that way. Instead, make use of the quotient rule directly.

EXAMPLE 12.1.26. Determine the derivatives of the following functions, where they are
defined.

X =2 2x +4 x24+1 x* 4 2x

@55 O35 O-& @ 5
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Solution. Use the quotient rule for each.
(a) Here f(x) = x> —2and g(x) = x®> + 2.

[x3—2] _ 3% +2) — (¥ —2)3x* _ 3(x° +2) — (x> ~2)3

X342 (x3)2 x4
3x3 +6— (3x> —6)
12
F.
(b) This time f(x) = 2x +4 and g(x) = 3x — 5.
b [2x+4] _2(Bx—5)— (2x+4)3 _6x 10— (6x+12) _ 2
Y18x—5] (3x — 5)2 B (3x — 5)2 ~ (Bx—5)?

(c) Here f(x) = x>+ 1 and g(x) = ¢**.

e2x =

x2+17  2xe?) — (x* +1)2e7  2x—2x2 -2  —2x242x-2
Dx - (EZx)Z - edx - etx ’

(d) Lastly, f(x) = x* +2x and g(x) = x2 + 1.

D {x‘* —|—2x} (43 +2)(x?+1) — (x* +2x)2x
a2+t ] (x2+1)2
(4x° +4x% 4+ 2x2 +2) — (2x° +4x2)
(x24+1)2
204 4x® —2x2 42
B (x241)2

EXAMPLE 12.1.27. The product and quotient rules may both be required in a single problem.

x+1

Determine the derivative of y = ——.
x=e*

Solution. Here f(x) = x + 1 and g(x) = x%¢*. When taking the derivative of g,
we must use the product rule.

x+1 1(x2e*) — (x + 1)[2xe* + x2e*]
x26x :| (XZex)2
x%e® — [2x2e¥ + x3e* 4 2xe* + x%67]
(xZex)Z
B 2265 — 2x2e% — x3e* — 2xe¥ — x26¥
- (x2€x)2
—2x2e¥ — x3e% — 2xe¥
(xZex)Z
—(xe¥)(2x +x%2 +2)
x462x
—(x2 +2x +2)
x38x .

D |

3
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Higher-Order Derivatives

When a function f(x) is differentiable, we obtain a new function f’(x). And pre-
cisely because f'(x) is also a function, we can ask wether f'(x) itself is differen-
tiable. That is, does Dy (f'(x)) exist? If it does, then the derivative of the deriva-
tive of f is called the second derivative of f(x) and is denoted by f”(x). In other
words,

£ = W] = g |2 0]

EXAMPLE 12.1.28. Find the second derivatives of f(x) = x* +3x> — \/x + 7 and g(x) =
23x2 —3x 2+ 11x.

Solution. To determine the second derivative of a function we must first deter-
mine the first derivative. Using the sum and power rules we see that

1
f'(x) = Dy[x* +3x% — Vax +7) = 4x% 4 6x — Ex*1/2,

SO
1 1
f”(x) = Dx |:4x3 + 6x - zx_1/2:| = 12x2 + 6 + Zx—3/2_
Similarly
g'(x) = Dy [23x2 —3x 2+ 11x] = 26x + 6x 3+ 11,
SO

¢"(x) = Dy [26x +ox 3+ 11} —26—18x7%.

There is no reason to stop with the second derivative. Each time we compute a
derivative, we can ask whether the new function is also differentiable and compute
the third, fourth, or other higher-order derivatives, if possible. The third derivative
would be denoted by f”/(x). Since it is count the number of primes in a higher
derivative, we use f(*)(x) to indicate the fourth derivative of f(x). More generally,
we denote the n'h derivative of f by f("), where n is a positive integer.

EXAMPLE 12.1.29. Find the first three derivatives of f(x) = 6e* + 2x%>. What can you say
about f(")(x) for n > 3?

SOLUTION. Using the derivative rules we have developed,
f(x) = 6e* +4x
f'(x) =6e" +4
" (x) = 66"

If n > 3, then f(")(x) = 6e.
YOU TRY IT 12.9. Find the first four derivatives of f(x) = x* 4+ 3x2 + /x +7.

2 Xe — Ve = () @ f7ye-XE
+x3g = (x),,f fz/€7x% -9+ X7l = (%), 4 fz/[—x% +x9 4 Xy = (x),f 6’21 LI XYL NOX OL IIMSNV

YOU TRY IT 12.70. Let f(x) = 2¢* + 4x2. Determine the first four derivatives of f and then
determine a general formula for f(") (x) for n > 4.
"¢ < u 1adapur Aue 10§ a7 = (X) (1S
‘SPIOM I2U30 U] *;9Z 9q OS[E [[IM dAHRALDP IOYSNY Iy Aue jeyy 90s om ag = (X)) = (%),
ouIs 97 = (%) 5)f 29T = (%), 8+ 1T = (x),f X8 + g = (X),f OI'TT LI XAL NOX OL ATMSNV
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YOU TRY IT 12.11. Let f(x) = ek, where k is a constant. Determine a general formula for
£ ().
il = (X) (i “AITeIouUdS 210w pue /40y

= (), f " = (X),f "oy = (%), 4 e puyg om ‘g¢ Are[io10) Sursn) IT'TI LI AAL NOX OL AAMSNV

YOU TRY IT 12.12. Let f(x) = x", where n is a positive integer. With the same n determine
the formula for (") (x).

"ju Aq pajouap ST pue Terroey u paqred st (1)(z) - - - (¢ — u) (Tu)u wqumu ayy,
(D@ —w)(t—wu=,_x (1)) (T—u)(u)u=(x),yf

sawy u

‘sawn U Jo [ej0} e Sumunuo)) 'g_ux(z —u)(1—uwu=(x),f /Z_ux([
—uwu = (x),f1—uxu = (x)f ey pug am ‘Bmi 1omod ay} 3uIs) TTTL 11 XAL NOX OL ATMSNV

Other notation. As with first derivatives, be aware that other notation exists for
higher-order derivatives. For example, if y = f(x) is a function whose second
derivative exists, then any of the following may be used to indicate this:

f0) = fO) = £ = 2

T dx? T dan

Similarly, for the n'h derivative of f, we may write

f ) = 4 =2

Codxn dxn’

Why bother?  Why do we bother with higher derivatives? Depending on the con-
text, higher order derivatives have a variety of interpretations. Remember that any
derivative, properly interpreted, represents a rate of change. For example if s(f)
represents the position of an object moving along a straight line path at time ¢,
we have seen that s'(f) = v(t) represents the velocity of this same object. Conse-
quently, s”(t) = ©/(t) represents the rate of change in the velocity, that is s” (t) is
the acceleration of the object. You use this language informally when driving a car:
You use the accelerator to change the velocity of your car.

The derivative of acceleration is called jerk and is sometimes denoted by j(t).
Thus, jerk

j(t) =a'(t) =" (t) =" ()4

Excessive jerk may result in an uncomfortable ride on elevators and engineers
expend considerable design effort to minimize “jerky motion.” As an everyday
example, driving in a car can show effects of acceleration and jerk. The more ex-
perienced drivers accelerate smoothly, but beginners provide a jerky ride. Riding
with an inexperienced driver changing gears with a foot-operated clutch lets you
experience severe jerk.

Listening to the news, you may hear statements such as, “The rate of growth
of the economy is slowing.” The rate of growth of the economy is determined by
a first derivative of an appropriate function. When we say that the rate of growth
is slowing, this represents a second derivative. The economy is still growing (first
derivative), but at a slower rate than it was (second derivative).

Later in the semester we will explore the geometric meaning of the first and sec-
ond derivatives of a function. We will see that the first derivative tells us whether
the graph of the function is rising or falling while the second derivative tells us
whether the curves is bending up or down. Using this information and a few
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critical points, we can obtain a rough sketch of a curve that exhibits all of its key
behavior.

YOU TRY IT 12.13. Each of the functions graphed below is increasing. In which of the func-
tions is the rate of growth increasing?

(@) (b)

Appmb
arow sastx yderd ayy y3Lr 03 3J9] wogy saaowr auo sy *(q) yderd u ‘€I'TI LI AL NOX OL YTMSNV



