Graphing Rational Functions

Let’s use all of the material we have developed to graph some rational functions.

EXAMPLE 34.0.1. Graphy = f(x) = % Include both vertical and horizontal asymp-
totes.

Solution.  First determine the domain: f(x) is rational and is not defined where
the denominator is 0. That’s at x = 0. This leads us to look VAs, RDs, and HAs
VA: Since the function is not defined at x = 0, we look to see if there is a VA there.

-3 -3
a3 a3
lim LZX_S = —o0oand lim sz_?) = —o0;s0 VA at x = 0. You may
x—07F x x—=0~ X
0+ 0t
wish to indicate the VA in your graph at this point.
2 _ 2
HA and End Behavior: Using dominant powers, lim L;CB T fim x—z =1
X——+o0 X X——+o00 X
2 _ 2
and lim SERATEg: lim = =1.SoHA at y = 1. You may wish to indicate
xS0 x2 x> —oc0 x2

the HA in your graph at this point.

Critical points, local extrema, increasing/decreasing behavior.
Flx) = (2x +3)x? — (x> +3x —3)2x  (2x*43x) — (2x>+6x—6) —3x+6

= - = = =
0 at x = 2 (and x = 0 NID).

x3 x3

Inflections and concavity.
,, —3x% — (—3x+6)3x> —3x—(-3x+6)(3) 6x—18

f (x) = x6 = =

x = 0 NID).

o p =0atx =23 (and

Evaluate f at key points. f(2) = =23 = 7 f(3) = 233 = 3.
Notice that the inflection is almost imperceptible in the graph.

We will need another point to graph when x < 0. f(—2) = # = —1.25.
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MATH 130, DAY 34

EXAMPLE 34.0.2. Graphy = f(x) = xx—_z4. Include both vertical and horizontal asymptotes, if
they exist.

Solution. Notice that x = 4 is not in the domain. Check there for a VA.
16 16
=~ ~ =~
2 2
VA: lim = 4oo0oand lim = —o0; so VA at x = 4.
x4+ x — 4 x—4— x —4
o+ 0-
HA and End Behavior: Since the function is rational, using dominant powers,
2 2 2 2
X . x . . x . x
Hr Iim — = lim x = 4+oc0and lim = Iim — =
x——+oo x — 4 X—+o00 X X——+00 x——c0o X — 4 X——00 X
lim x = —oo. So there are no HAs, but we do know what is happening at either
X——00
end.

Critical points, local extrema, increasing/decreasing behavior.

F(x) = 2x(x —4) — x>  x>—8x x(x—8)
(=42 (-4 (x4

Inflections and concavity.

ﬁ%@__@x—Sﬂx—Qz—OQ—&OQNx—Q__Qx—Sﬂx—4%—W2—8@@)_
B (x —4)* a (x—4)3 ;

2x% -1 2—2x%+1 2
(2x 6X(J;34)3 x4 16x) = (x34)3 # 0 (but x = 4 NID). So there are no in-
flections. But the concavity may still switch on either side of x = 4.

Evaluate f at key points. f(0) =0 and f(8) = 86744 =16.

Oatx =0, 8 (and x = 4 NID).
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EXAMPLE 34.0.3. Graphy = f(x) = xz—_fz Include both vertical and horizontal asymptotes.
Solution.  This time x = —2 is not in the domain.
—4 —4
= ~ =~
. 2x . 2x
VA: lim = —oc0oand lim = +4o00;s0 VA at x = —2.
x——2+ X+ x——2+ iC_-l- 2
0+ 0~
. . . 2x HP .. 2x . 2x HP
HA: Using dominant powers, lim = lim — =2and lim =
x—+o0 X + 2 x—+oo X x——o00 X + 2

lim 21(:2. SoHA aty = 2.

X——00 X
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Critical points, local extrema, increasing/decreasing behavior.

2(x+2) —2x 4
"(x) = = 0 (and x = —2 NID).
f(x) x+2)7 =127 #0 (and x )
Inflections and concavity.
-8
1!
Evaluate f at key points. There are none! Choose on each side of VA. f(0) = 0 and
4y - =8 _ t
f(-4) == =4 |
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EXAMPLE 34.04. Graph y = f(x) = xzz—j‘_l Include both vertical and horizontal asymptotes.

Solution. VA: None, the denominator of this rational function is never o.

2x HP . 2x

HA: Using dominant powers, lim = lim — = lim - = O0and
x—too x2 4+ 1 x— oo x2 x—too X
20 HP o 2 i 2 0. SoHA aty = 0.

x~1>rzloo x2+1 T xome a2 xco x

Critical points, local extrema, increasing/decreasing behavior.

() = 2(x>+1) — (2x)2x  2—2x?
B (x2+1)2 - (x241)2

Inflections and concavity.

F(x) = —dx(x®>+1)2— (2—-2x2)2(x2 4+ 1)2x _ 4x®—12x  4x(x®2-3) 0 at
B (x24+1)4 (2413 (a2+1)8

x =0, £V3.

Evaluate f at key points. f(1) = 1, f(—=1) = —1, f(0) = 0, f(\/3) = 73 ~ 0.866

and f(—/3) = —¥2 ~ —0.866.

=0atx=+1.
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EXAMPLE 34.05. Graph y = f(x) = %, where x # 1. Include both vertical and horizon-
tal asymptotes.

Solution. The function is not defined at x = 1.
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1 1
= =

x? 2x?

VA: Look near x = 1. lim ———— = tooand lim ——— = +o0.
=1+ (x — 1) =1 (x—1)
—— ——

0+ 0+

HA: Using dominant powers,
_ 2x? , 2x2 wp . 2x?
im —— = lm ——— = lim — =2
xo+to0 (x —1)2 x>t x2 —2x+1 x—too x2
and ) 5
. 2x HP ,. 2x
Wy s A N B
SoHA aty = 2.
Critical points, local extrema, increasing/decreasing behavior.
) = dx(x—1)" - (20)2(x 1) _ 40 —4x—4x®  —dx Oatx =0,
(x=1)4 (x—1)3 (x—1)
x =1 NID.
Inflections and concavity.
F1(x) = —4(x—1)° —4x(3)2(x —1)>  —dx+4+12x _ 8x+4 0 at
(x—1)° (x—1)4 (x—1)4

x=-1/2,x =1NID.

Evaluate f at key points. f(0) = 0, f(—1/2) = 2/9 and we need a point when
x > 1 on the other side of the VA: f(3) = 18/4 = 4.5.
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EXAMPLE 34.06. Graphy = f(x) = %, where x # =£2. Include both vertical and
horizontal asymptotes.

Solution. The function is not defined at x = +2.

2 2
~ =~ ~ =~
VA: Look near x = 2. lim 5 = +4o0 and lim > = —o0. Now look near
x—2+ Y2 — 4 x—=2+T x° —4
——"
o+ 0-
-2 -2
~ =~ =
x=—2. lim 3 = +ocoand lim 5 = —oco VAs: x = £+2
x——2+ x—4 x——2-x“—4
——r ——
0~ 0+
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HA: Using dominant powers,

. HP .. X .
lim = lim —= lim —=0
x—to0 x2 — 4 x40 X2  x—+o0 X
and
. X .
lim - qr Iim - =0
x——o00 x4 — 4 xX——0co0 X
SoHA aty =0.

Critical points, local extrema, increasing/decreasing behavior.
£(x) = Co4-2¢ o4 oND
(a7 o7 |
Inflections and concavity.
£l = —2x(x* —4)* + (x> +4)2(x* —4)(2x) _ 227 +8x +4x° +16x _
(2~ 4)f (@47
223 +24x  2x(x? +12)

(24~ (247
Evaluate f at key points. f(0) = 0, and we need a points when x > 2 and x < —2
on the far side of the VAs :f(3) = 3/5 and f(—3) = —3/5.

Oatx =0, x = +£2 NID.

Inf
——— NID ——— NID ——- -—— - NID + 0 — NID +++
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YOU TRY IT 34.1. Here is information about the first and second derivatives of a function
and its vertical and horizontal asymptotes. Sketch a function that satisfies these condi-
tions. Indicate on your graph which points are local extrema and which are inflections.

NID means the point is “not in the domain” of the original function. Let f(0) = —1 and
limy_,1+ f(x) = 400, lim,_,1- f(x) = —o0, limy_ 4o f(x) =1, and limy—, o f(x) = +o0.
~——— 0 ——NID—— +++ 0 —— NID ++
f w w f w w
0 1 0 1
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