Math 131 Lab 8

5" Do * problems first. Then do the others. Brief answers are on the back. Reduction formulas on back

1.

10.

11.

12.

Higher Powers of Trig Functions Use the rules we developed in class to determine
a) */sin2 22 cos® 2z dx b) */COS5 2x dx c) /sec5(2x) dx

d) */Sin3(5x) cos™ " (5x) dx e) /cosz(l()x) sin?(10x) dx f) /tan2(7rx) sec?(mx) de Think first!

. Low Powers of Trig Functions which you should already know.

a) /cos91'dx b) */tan2(7rx) dz c) */sin2(f7z) dz

. Before working these out, classify each by the technique that applies: mentally adjust, substitution, parts, parts twice,

or ordinary methods. Check your answers by differentiating.
1 ™
a) */memzdx b) */ (2 —x +1)e* da c) */ (x — ) sinz dx
0 0
d) /ez sin(e”) dx e) /egm sinx dx f) = / sin(5z) cos(z) dz

. a) *Assume that n # —1. Determine a formula for [ 2" Inz da.

b) Use your answer to quickly determine (without further integration) [ 1;‘—6“ dx.

. a) *Determine [(Inxz)?dux.

b) *Let R be the region enclosed by y = Inz, the z-axis, and 2 = e in the first quadrant. Rotate R about the x-axis
and find the volume. Use your answer to part (a).

. Area Review: Find the area of the region enclosed by y = arcsin z, the z-axis, and z = /2 /2 in the first quadrant

by integrating along the x-axis.

. a) *Work Review: A tank is formed from rotating the region enclosed by y = arcsin(z?), the y-axis, y = 7/2, and

the z-axis. The tank is full of whale oil (60 Ibs/ft?). Find the work “lost” (the work will be negative) by draining
the tank through a hole in the bottom. Hint: Remember H represents the height where the liquid ends up. What
is H in this problem? (Set up the integral first and decide on a technique. Solve later.)

b) Just set up the integral for the work is lost if only the top half is drained.

. *Volume Review: Let R be the region in the first quadrant enclosed by y = cosx, y = sinz, and the y-axis.

a) Rotate R about the z-axis and find the volume using the disk method. (Do set-up now, check answer later.)

b) Rotate R about the y-axis and find the volume by using the shell method. (Do set-up now, check answer later.)

. WeBWorK setDay21. Let R be the region enclosed by y = Inz, the y-axis, the xz-axis, and y = 1 in the first quadrant.

Rotate R about the y-axis to form a tank. If liquid has density 60 lbs/cu. ft., how much work is required to fill it
through a hole in the bottom of the tank? Hint: During the integration you can use Problem 4.

[Harder] Let R be the region enclosed by y = e”, the y-axis, and y = e in the first quadrant. Rotate R about the y-axis
to form a tank. If it is full of a liquid whose density is 60 lbs/cu. ft., how much work is lost if it leaks out the bottom
and drops to ground level?

1
a) In the past we have done the problem / 2% dx by u-substitution. Show that you can do it by parts—but as a
x

problem that cycles back on itself (a technique that we had not seen until Day 20-21).
b) Check your answer by doing the same problem via substitution.

a) WeBWorK setExtraCredit2. Assume that n is a positive integer. Create a reduction formula for [ z"e”dx by
using integration by parts once. Hint: Let u = ™.
b) Extra Credit: Use your reduction formula (repeatedly) to find [ z3e” dz.



Math 131 Lab 8 Brief Answers. Caution: Be careful of typos. Extra Credit if you are the first to find one.

. 3 .5
sin® 2x  sin® 2x
1. a) —

6 10
cos? 2rsin2z  2cos?2xsin2r  4sin2x
b) + +
10 15 15
0) sec?(2x) tan(2x) n 3sec(2x) tan(2x) n 31n|sec(2z) + tan(2z)| ‘e
8 16 16
cos 6(5z)  cos™*(bx)
d —
) 750 0 ¢
e) + tan®(mz) +c
2. Use half-angle for (c).
1
a) §sin9z+c b) Ltan(rz) —z+c c) g + %Sin(—14x) +c
3. Sketches:
1 ™
a) te*’ tec b) (x2—3x+4)69”0:2e—4 c) —(x—w)cosa:+sinx0:—7r
1
d) —cose” +¢ e) (3e3sinz — €3 cosz) + ¢ f) —ﬂ[sin(f)x) sinz + 5 cos(5z) cosx] + ¢

4. a) ggr" T ng — et e (b) g0 In(x) — g5 70 + e

5. a) Use parts twice: z(Inx)? —2zlnz + 27 + c.
b) Use (a): (e —2).

6. By parts: zarcsinz + /1 — 22

V2/2
‘ =221
0

7. a) W =60 foﬂ/Q (0 — y)(siny) dy = —60m foﬂ/Q ysiny dy. Use parts: —607 ft-1bs. (b) —607 f://f ysiny dy.

8. a) V= Wfoﬂ/4 cos?z —sin*zdr = m. (b) V = 27Tf07r/4.’L'COS$ —xsinzdr = gﬂ — 2.
9. —15m(e? + 1) ft-1bs.

10. —157(e? — 1) ft-lbs.

11, Mo

12. a) 2"e® —n [2" te” dx. (b) z3e® — 32%e® + 6xe” — 6e® + c.

Reduction Formulas for Large Powers.

1) /cos”xda: =Lcos" rsinz + 2L [cos" 2w da
2) /sin” rdr=—Lsin" 'wcosz+ =2 [sin" P rda

3) /tan” rdr =25 tan" "tz — [tan" 2w dx

n _ 1 n—2 n—2 n—2
4) /sec rdr = —gsec" “rtanx + T=F [sec"? xdx



Math 131 Lab 8 Answers

1. a) Since the power of the cosine function is odd, we use Guideline #2: Split off a power of cos 2z, then let u = sin 2z,
SO %du = cos2x dx.

/sin2 2z cos® 2z dax = /sin2 2 cos? 21 - cos 2z dx = /sin2 22(1 — sin® 2z) - cos 2z dx

=

1 1 1 4 5 : 32 : 52
P uz(lfuz)du:— w2t du = = uu +c:sm r  sin erc
2 2 213 5 6 10

1
b) Use reduction formulas. First let u = 3z, so %du =dx. So /Cos4 3rdr = 3 /0054 udu

1 cos3usinu+3 2.4 1 cosgusinu+3 cosusinqul 1d
3 4 4 )T 4 4 2 2 )

1 (cosPusinu 3 [cosusinu wu cos®3xsin3z  cos3zsin3z 3z
~3 S TR

2 +2

4 + 4
c) Use reduction formula and substitution: v = 2z = %du =dzx. So
1 5 1 [sec® ut 3 1 [sec® ut 3 t 1
/sec5(2x)dx = i/sec°udu =3 [secu4anu + 4/sec3udu} =3 [sec Z v, 1 [secu;mu + i/sec du”

1 [sec3 utanu  3secutanu  31n|secu + tanul ] N sec?(2x) tan(2x) N 3sec(2x) tan(2x) N 31In|sec(2x) + tan(2z)] N
= — C = C
2

4 + 8 8 B 8 16 16

d) Since the power of the sine function is odd, we use Guideline #1: Split off a power of sin 5z, then let u = cos bz, so
Use u = cos(5z) so —+du = sin(5z)dx.

/sin3(5x) cos ™" (5x) dx = /sin2(5z) cos™ " (5x) sin(5x) dx = /[1 — cos?(5x)] cos™ 7 (5x) sin(5z) da

1 1 u b wu cos™6(5z)  cos™*(5x)
_ _ 1— 2 —7d :_7/ -7 _ —5d:7_7 _ o
5/( W du w s du= g e 30 20 ¢

e) Use Half-angle forumlas:

1 1 1 1 1 1
2 02 _ Tz - _ = — [ Z _ Zcog?
/cos (10x) sin*(10x) do = / (2 + 3 COS(20:E)> (2 3 cos(20x)> dx /4 1508 (20x) dz

1 11 1 1 1 T 1 .
_/i -1 [2+2cos(40m)] dx—/é —§COS(40$) dzx = g—ﬁsm(élogc)—i—c

Substitution: u=tanmz | =1 [u?du=-ud+c= - tan’(mz) +c

f) w-substitution.

u = msec? Tz dz %du =xdx

2. a) Mental adjustment (v = 9z). [ cos 9z dz = % [ cosudu = %sinu +c= %sin 9z + c.
b) Trigid: [tan?(rz)dz = [sec®(rz) — 1dz = L tan(rz) —z +c.
c) Use half-angle formula and followed by a mental adjustment:

1 1 1 1
/sin2(7x) dzr = / 373 cos(—14x) dx = 3% + 28 sin(—14z) + ¢



3. a) Substitution (u = 2% = du=2zdz). = L [e“du=Le" +c= %ezQ +c.

u=x?>-x+1 dv=e dx :(27x+1)em|(1)7f01(2x71)emd:c
du = 2z — 1)dz v=e"
b) Parts twice: u=2zx—1 dv=e%dr | = (2? —x + 1)eI|(1) —[(2z — 1)ez|é — fol 2e” dzx]
du = 2dx v=e" :(cL‘Q—x—&—l)e’”—(2x—1)e”+2€w|(1):2e—4
u=z—7 dv=sinzdz :—(x—w)cosw|g+f0ﬂcosxdx
c) Parts: ™
du=dx v=—cosz :—(x—w)cosac—&—sinx‘o:(0+0)—(7r):—7r
d) Substitution (u = €* = du = e”dz). = [sinudu = —cosu + ¢ = — cos(e”) + c.

e) Parts twice, “circle around”. Note signs and constants:

u = e3* dv =sinzdr | [e**sinzdr = —e3* cosz + [ 3€3* cosz dx
du = 3e%*dx v = —cosx
u = 3e3 dv = cos xdx f e sinzdr = —e*® cosz + 33 sinx — 9 f e sinz dz
du = 9e3*dx v =sinx So, 10 [ e3* sinx dz = €3*(3sinz — cosz) + ¢
Thus, [ €3 sinz dr = 15€3*(3sinz — cosz) + ¢

f) Parts twice, “circle around”. Note signs and constants:

u = sin(5x) dv =coszdz | [sin(5z)coszdr = sin(5z)sinz — [ 5cos(bz) sinz dx
du = 5 cos(bx) dx v=sinx
u = 5cos(bx) dv =sinzdx | [sin(5z)coszdr = sin(5z)sinz + 5 cos(5z) cosz + [ 25 sin(5z) cos z dx
du=—25sin(bz)dr v=—cosz | So, —24 [sin(5z)cosz dx = sin(5z) sinz + 5 cos(5z) cosz + ¢
Thus, [ sin(5z) cosz dz = —5;[sin(5z) sinz + 5 cos(5z) cos z] + ¢
4. a) Parts: u=Inx dv=a"dz | [2"lnzdr= ﬁz"*l Inz— [ n%_lx” dx
du=z"tde v= 72" | [2"nade= 72" Inz — mxnﬂ +c
b) —iz75(In(z)+ $) +c.
. u=(Inz)> dv=dr | =z(lnz)?—2 [Inzdr. Use parts again in problem #4 with n = 0.
5. a) Parts twice: 21 )
du==22dr  v=x | =z(nz)’-2zlnr+2z+c
1 y=Inzg
e €
b) o [ | From (a): [ m(Inz)?dz = 7 [z(Inz)? — 2z Inz + 2] = (e —2).
1 e
6. A= fob:ﬂ/g arcsin x dx Parts:
0 b
— arcsi _ — inal V22 _ V22
u = arcsinx dv = dx =z arcsmm|0 —Jo T dz
du = ﬁ dz v=2a
Substitution: ~w=1-2? |=u arcsina:|(\)@/2 + 3 fudu= xarcsinx|g/§/2 + ul/?
du = —2zdx f%du =xdr | =zarcsine + V1 — x2|g/§/2 = %W‘F @ -1




a) Save work! Since the radius of a cross-section of the tank is z, we need to solve for 22 (not x): y = arcsin(z?), so

7.
w/2 /2
22 =siny. W = 60/ (0 —y)(siny) dy = —607r/ ysiny dy. Use parts:
0 ) 0
u=y dv=sinydy | = —607 —ycosy|g/2+foﬂ/2cosydy]
du=dy v=—cosy | =—60m|(0—0) +siny|g/2} = (0+0)+ (1 —0)) = —60r Ibf
] /2
b) Only the lower limit changes to m/4 since the upper part of the tank drains out: W = 60/ (0 — y)(siny) dy
/4
_ /4 2 71'/4 1 . /11 } _ /4 ) N P /4 _1
8. a) V=r[ " cos?z—sin®zdr=m [/ (3 + 3 cos2x) — (3 — scos2z)dx =7 [ cos2x)dx = smsin(2z)|)" = 3.
b) V=2 foﬁ/4xcosx —zsinxzdr =27 fo * 2(cosz — sinz) dx. Use parts
u=x dv=(cosx—sinx)dr | 27 foﬁ/4 z(cosx — sinz) dz = 2 [z(sinz + cosx) — [(sinz + cos x) dz] 3/4
du = dx v =sinz 4 cosx

27rf0ﬁ/4xcosx—xsinxdx:27r[ (smaz:—&-cosa:)—l—cosac—smacda:]ﬂ4 §W2—27T

2
So Wflez (Inz)?dz = njz(lnz)? — 2z lnx + QxHT = m[(4e? — 4e? 4+ 2€%) — (0 — 0+ 1) = m(2e% — 1).

9.

10.

11.

12.

Since y = Inz, then x = e%. So W = fol 607 (e¥)?(y — 0) dy = 607 fol ye dy. By parts

u=y dv=eXdy | = 60#[%y629|; — j;)l %1629 dy]
du=dy v=z1e? | =60r[iye?¥ — ierHO

—60m[(3e? — Le?) — (0— 1)] = —60n[2e? + 1] = —15m(e? + 1)

Since y = €*, then x = Iny. So W = fle 60r(Iny)%(0 — y) dy = —607 f1 (Iny)? dy. By parts twice, the second time
using #4 with n = 1:
u = (Iny)? dv=ydy | = —60n[y(lny) | fl ylny dy)
du:—m;ydy v=1y?
Use #4 with n = 1: = —60m[3y*(Iny)? — 2y’ Iny + iymi
=—607[(3e? —1e?+ 1e?) — (0+ 0+ 1)) = —15m(e? — 1)
u=lz dv=1dz | [2Zdr=(Inz)?— [2Zdz Cycle!
a) Parts: )2
du=1dx SonmTIdx:(lnx)2orf%dxzi(n;) +c
2 1 2
b) EZ u-substitution: v = Inx, du = + ~dx. So —dx—/udu: %—f—c: (nzx) +c
IR () LT n, T — N ,T n—1_x
a) Parts: u=z dv=e"dx | [2"e"dr =a"e* —n [2" te" dx
du = nz" ldx v=¢€"

b) /cheac dr = z3e” — 3/%26“ dx = z3e” — 3 [:UQ@”” - 2/xer da:]

=a’e" -3 [:v e’ —2(ze” — /ew d$)} = 2%e® — 3x2e” + 62e” — 6e” + c.



