Math 131 PracTest 2
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Finish Lab 8, problems 1-10 except 6. Review Labs 6 and 7—answers are online.

Let S be the region enclosed by the y axis, y = 22 + 4, and y = 222 in the first quadrant only. Sketch the region.
a) Rotate S about the z-axis and find the resulting volume. (Ans: 5127/15)
b) Rotate S about the y-axis and find the resulting volume. (Ans: 87)

. Sketch the region R in the first quadrant enclosed by enclosed by the z-axis, y = /x and y = x — 2.

a) Rotate R about the z-axis and find the volume. (Ans: 167/3)
b) Rotate R about the y-axis and find the volume. Try both methods. (Ans: 1847/15)

. A wooden doorstop with right triangular cross-sections is 20 cm long and 5 cm high at its tall end and 4 cm wide.

Find its volume. Hint: Find the equation of the line that forms the top edges and use similar triangles to find the

cross-sectional area. (Ans: 23° cm?.)
5
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. a) Let R be the region between y = Inz and the x axis on the interval [1,e?]. Rotate R around the z axis and find

the resulting volume. What integration technique should you use? (Answer: m(2e% —1).)

b) Rotate R about the y axis and find the volume using the shell method. (Answer: 5 (14 3¢*).)

c) Rotate R about the y axis and find the volume using the disk method. (Answer: 5 (1 + 3e?).)

. Let R be the region between y = sinwz and the x axis on the interval [0, 1]. Rotate R about the z-axis and find the

resulting volume. Hint: Use an identity. (Answer: 7/2.)

. Find the average value of f(z) = sin®2 on the interval [0, 7]. [Ans: 4/37.]

. Find the volume of the solid region generated when the area in the first quadrant enclosed by y = cosz, y =0,z =0

and x = 7/2 is revolved around the y-axis. Use shells. [Ans: 72 — 2]

. a) Find foﬂ/4xtan2xd:17. [Ans: T —Inv/2 — g—;]

z_
b) Let R be the region between y = tan? z, x = 7/4, and the z-axis in the first quadrant. Rotate R about the y axis

and find the volume using the shell method. Re-use part (a). [Ans: %2 —27lnv/2 — 71“—:3]
c) Let R be the region enclosed by y = tan™! x, the y-axis, and y = 7/4 in the first quadrant. Rotate R about the
y-axis to form a tank. If it is full of a liquid whose density is 64 lbs/cu. ft., how much work is lost if it leaks out

the bottom and drops to ground level? Hint: Use part (a)! [Ans: —167% + 647 In+/2 + 273 ]

. Find the length of f(z) = 222 + 1 on the interval [0,2]. (Answer: 13/3)

Let f(z) = $2° + 327" on [2,3]. Find the arc length. (Answer: 13/4.)
Find the arc length of f(x) =Incosz on [0,7/4]. (Answer: In|v/2 + 1].)

Find the volume of the solid region generated when the area in the first quadrant enclosed by y = %%, y =0, and

o = 2 is revolved around the z-axis. [Ans: Z[In ]|

Find the volume of the solid region generated when the area in the first quadrant enclosed by y = cosz, y =0, 2 =0
and z = /2 is revolved around the y-axis. Use shells. [Ans: 7% — 27.]



14. a) A small farm elevated water tank is in the shape obtained from rotating the region in the first quadrant enclosed
by the curves y = 10— %xQ, y = 8, and the y-axis about the y-axis. Find the work “lost” if the water (62.5 lbs/ft?)
leaks onto the ground from a hole in the bottom of the tank. (Answer: —65007/3 ft-1bs.)

b) Find the work “lost” if the water leaks onto the ground from a hole in the side of the tank at height 9 feet.
(Answer: —17507/3 ft-1bs.)

c) Set up integral for the work to empty a tank containing just one foot of water over the top edge.
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1. Rotation about the z-axis. Let R be the entire region enclosed by y = x? and y = 2 — 22 in the upper half-plane.
Rotate R about the z-axis. The resulting volume is given by:

a) W/_ll(xz)gdm—ﬂ/_11(2—x2)2dx b) 77/01(2—x2)2dx—77/01(x2)2dx
c) w/l (2—x2)2dx+7r/1(;v2)2dx d) 77/1(2—x2)2dx—7r/1(x2)2dx

1 _1 1 1
1 2 2

e) 77/ (\/Zj)z dy+77/ (\/ﬂ) dy f) None of these
0 1

2. Rotation about the z-axis. Let S be the region enclosed by the z-axis, y = /z, and y = 2 — 2. The volume
generated by revolving S about the z-axis is:

a) ﬂ/ol (\/5)2 dl‘—?‘(‘/12(2—$)2d$ b) 27T/01x(2—a:)dx—27r/01m\/5dx
O n[ (D arin [ Coape @[ @ wPa

2 2
e) 7r/ (\/5)2 dz—w/ (2 — )% dx f) None of these

0 1

3. Rotation about the y-axis. Let T be the region enclosed by the y-axis, y = v/z, and y = 2 — x (a different region
than in Problem 2). The volume generated by revolving T' about the y-axis is:

a) 7r/02(y2)2dy—7r/02(2—y)2dy b) 2ﬂ/olx(2—x)2dx—27r/olx(\/5)2 do

) w/ol (Va)' do+x [ 2=o)ds d) w/;(z—y)?dyﬂ/f(y?)?dy
1 1
e) 271'/0 x(Qfx)dzfQTr/O x(V/x)dx f) None of these

4. Rotation about the y-axis. Let U be the region enclosed by the y-axis, the x-axis, y =+ — 2, and y =4 — z. The
volume generated by revolving U about the y-axis is:

a) ﬂ/ol(y—2)2+7r/14(4—y)2dy b) 27r/03x(4—a?)zda?—Zﬂ/23x($—2)2dx

4 3
c) 27r/ m(4fx)d:rf27r/ z(x —2)dx d) aandc
0 2
e) aand b f) None of these



5.

10.

Integral Mix Up: Gotta game plan?
a) /(43:3 +1)Inzdr b) /Jceg”lda: c) /e2m cos x dx
d) /a:secQ:z:dx e) /cos3(4:z:) dx
f) /ln(2x3)dac g) /sin2(5x) dz h) /x2 Inz? dx

i) / arctan 2z dx J) / 2sec® z tan  do See hint k) / xsin® x dr 1) /tan3 rdx

Hint: 2secd ztanx = 2sec? zsecztanz

Determine / 2x arcsin x dz. You will need to use several different methods.

Draw the right triangle associated with each of these square roots and label the sides. For each, solve for u, du, and

the given square root in terms of an angle 6.

D Vi@ b Ve o Viia

. Determine these integrals. Caution: A variety of techniques are required. Where necessary, make use of the triangles

that you just drew.

%) /ini_ldf” e LTl ==t

d) /x@dz e) /ﬁdm

1

Determine [ ———————=dx.
922+/1 — 922
More Integral Mix Up: Before working these out, go through and classify each by the technique that you think will

apply: substitution, parts, parts twice, trig methods, or ordinary methods.
a) /mezm dx b) /a:eg”h'1 dx c) /ez cosz dx
2 . 4 2 (Inz)*
d) [ z*sinxdr e) [ sin®(2z)dx f) [ zcos(z?®)dx g) dx
h) /ln(xQ) dx i) /ln\/fdm J) /x2 Inzdx k) /0082(12x) dx
1) /tana:dx m) /arctanxda: n) /sin(Ba:) cos(2x) dx
0) /z\/4f:c2d9:

1) /\/giwdx



Math 131 Practest 2: Selected Answers

2
1. a) V:WIOQ x2+4)27(2x2)2dx:7rf02(x4+8x2+16) 4x4dxf7rf0 827 +16 — 3zt do = w[32° + 162 — 22°])| =
0
m[(S + 32— 2) — 0] =512n/15

2
b) V =2r fo (2?2 +4) —2(22%) dz = 27 fOQ(zg’ +4x) — 223 dx = 27 f02 4z — 2% dx = 2m[22% — ¥ .= 27[(8—4] = 8«

2. Intersect: (vz)?=(r—2)? =22 -52+4=0=x=4(notx=1). Notexr =y? and z =y +2

2
1
\ w \
0 2 4
a) V=r[(z/?) zdxfﬁfz x—2)2de = x[La?]|) — w[L(z — 2)%)|; = 7[(8 — 0) — (§ — 0)] = 167/3
b) V= [ (y+2)°— () dy = a[iy +2)° - 2P°)|; = 7(& — 22 — (§ - 0)] = 184n/15
3. The line for the height is y— 2033— 433 The line for the base width is y = 40x— £2. So the cross-sectional area is
Az) = Ybh = L(ke)(3a) = L. So
20
1 20200
— Sy = — 3‘ _ U0 g
V=] % =), =3

4. a) Parts twice:

u=(Inz)? dv=dr | [(Inz)’de=2z(nz)’— [2lnzds
du=222dy =g

u=2lnz dv=dz | [(Inz)’zdr=2z(nz)’*— [2zlnz — [2dz] =z(Inz)’* —22Inz + 2z + ¢
du:%dx V=2

2
So Wflez (Inx)?dz = n[z(lnx)? — 2z lnx + 2x]|i = m[(4e? — 4e? +2¢%) — (0— 0+ 1) = 7(2e% - 1).
b) Parts:

2 62 62
u=1Inz dv=2mzdr fe 27r:v1nxd:r*7rx21nx|1 — J{ mxdx

2
L = (2me* — Ze') — (0— F) = 3et +

du =+ dx v =TT =7 1nx—fx2’ 5

2 2 2 2 y|2 s s
c) V=m[(e?)?—(e")dy=m [, e* — e dy = mle'y — $e*| = 7[(2e* — 3e*) — (0—3)] = Fet + 5.

5.V —wfo sin?(7x) dx—wf 1 — 1 cos(2mz) dx = w[ix — ﬁsin(%rm)]’é =7[(3-0)-0]=3%
6. Via Reduction: Ave Val = 1 fow sin® z dz = L]-isinzcosz + 2 fo sinz dz]
:%[—%smxcosx—fcosm ’g%[O— —7} [0—7]—%.

7.V = foﬂ/z 21z cosxdr = 2n[zsinx — fsinasd:v”g/2 =2r[xsinz + cos:vdang/2 =72 - 2T,

8. a) Trig id and then parts: foﬂ/4 rtan®x dr = foﬂ/4 x(sec?xr — 1) dz = foﬂ/4 zsec? z — xdzr. To do [ xsec? zdu:

u=z dv=sec’zdr | [xsec?vdr =ztanz — [tanzdx
du = dx v =tanx [ xsec’ xdx = ztanz — In|secz|

2

So foﬂ/‘lxtaandm: fow/4xsec x —xdr = [ztanz — In|secx| — 52| "o T —lnv2-—

b) V:foﬁ/427mc‘cau1r12gcd917:27T(1 —Inv2 - g—;) = %2 —2rlnV2- T = L2—771112—

3
16 2 16"
c) Note: x =tany, so W = 64f7r/4 0—y)rtan®ydy = —647(Z —In V2 — g—;) = —1672 + 647 In /2 + 275

9. AL=[}VT+dzde =1 2(1+42)32) =1



10.

11.

12.

13.

14.

AL — f2 \/1+ 2_1g- de—fz 1a? 4 lp=2)2dy = 23%x2+ lp=2dp=1p3 - 1g=1[ =13,

AL:fOW/4v1+tan2xdx:f0ﬂ/4 \/seCdex:foﬂ/4secxdx:ln\secx+tanm||g/4:ln\\/§+ 1.

2
V=rfs(\foke) do=7J; giade =3 +22)]) = 513 ~ 9.

=72 — 27,

V= foﬂ/z 21z cosxdr = 2m[zsinx — fsinacdx]‘g/2 =2r[xsinz + cos:rd:::Hg/2

a) Save work! Since the radius of a cross-section of the tank is z, we need to solve for 2? (not z): but y = 10 — 122

SO %xzzlo—yorx2:20—2y.

10 10 ) 10

W = 62.5/ (20 — 2y)(0 — y) dy = 62.577/ 2y% — 20y dy = 62.57[2y° /3 — 1037 .
8 8

= 62.57[(2000/3 — 1000) — (1024/3 — 640)] = —65007 /3 Ibf

b) Ounly the lower limit changes to 9 since the upper part of the barrel leaks out:

10 10
W= 62.5/ (20 — 2y)(0 —y)dy = —62.57[2y%/3 — 10y?] .
9
= —62.57[(2000/3 — 1000) — (486 — 810)] = —17507/3 1bf

9
c) Note the limits and the height ‘moved to: W = 62.5/ m(20 — 2y)(10 — y) dy
8

Quiz Answers: 1 (d) 2 (c) 3 (e) 4 (f)

5.

u=Inr dv=42°+1dr | [(42®+ 1) Inzdr = (x4+x)lnx—f—z4jr dx

a) du=1dx v=a'+uz =(@'+2)lnz— [2*+1de=(z"+2)Inz— j2* —z+cdz

u=x dv=e"Tdx | [xe®Tdy =xe™™ — [T dp =ze* — e +c=e"T(z—1) +c

b) du = dz v =l

c) Parts twice, “circle around”. Note signs and constants:

u=e*® dv=coszdr | [e** cosxdr =e**sinz — [2e** sinzdx
du = 2e?*dx v=sinx
u = 2e%* dv = sinx dx f e sinzdr = e*®sinz — [—262’” cosx + 4 f e*® cos dm]
du = 4e**dx v=—cosz | So, 5 J e?* cosrdr = e**sinx + 2e** cosx + ¢
Thus, [ €** cosz dx = te**(sinz + 2cosz) + ¢

u=x dv=sec?zdr | [zsec’zdr=xtanz — [tanzdr = ztanz + In|cosz| + ¢

d) du = dx v =tanx

1
e) Reduction: u = 4z so +du = dx. /cos3 (4z) dx = 1 /0033 udu

1 2 usi 2 1 2 1 1
=1 [cosugsmu + 3/cosudu} =1 {cosugsmu + 3sinu} = 13 08 %(4x) sin(4z) + gsin(élx) +c
) u = In(223) dv=dz | [In(22®)de = xIn(2z%) — [ 3 dx
du:gzsdx—?’dac v=z | =zln(22%)— [3dz =zIn(223) — 3z +¢

g) [sin’(5z)dx = [ 3 — Lcos(10z) dz = 2z — L sin(10z) + c.



h) u = In(x?) dv=2a?dr | [2*Ina?dr = $2°In(a?) — [ 2L 2 gy
du=%de="3de  v=3a® | =32°In(a? —f§$2d$= 55531“( ) —gat+e
u = arctan(2x) dv = dz [ arctan(2z) dz = x arctan(2z) — 1+4x2 dx
du:T—ix? dx v=21
i) Parts then substitution:
u = 4z° du=4xdr | So, [Pz dr =1 [+ du= jInlul = ;In(1+42?), so
fdu=2zdr | [arctan(2z)dr = zarctan(2z) — § In(1 4 42?) + ¢

2
J) /2sec3ztan:cd:n = 2/sec2 z(secxtanz) dr = gsecg’a:d:c.

k) Trig ID, then parts: fxsin2 rdr = fx[% _ %cos

(22)]dz = [ Jxdr — [ xcos(2z) dx.

U= 35T

du=1dx

dv = cos(2z)dx

1

v = 3 sin(2z)

2

[ 3w cos(2z) dz = jxsin(2z) — [ 1 sin(2z) do =

1z sin(2z) + £ cos(2z)

1, 1

1 1 1
Therefore: /xsin2 xdr = / 2% dx — / 2% cos(2x) dx = T sin(2x) — A cos(2x).

tan? tan?
1) Reduction Formula: /tangﬂcdw AT /tanaﬁd:ﬂ =T g |secz| + c.
u = arcsinz dv = 2zdx 2z arcsin x dr = 22 arcsinx — dx
6. First use parts: L ) J e v i
du = T dx v=2x Now use triangle substitution
x =sind dx = cos 0df fmdx—f%cw—fsm 0df = [ 5 — 3 cos(20)db

V1 — 122 =cosf

0 = arcsinx

=160 — 1sin(20) =

10 — L sin(6) cos(6) = 1 arcsinz — Jav1 — 22 + ¢

So putting it all together /Qw arcsinzdr = x

2 . I 1 5
arcsin T — 5 arcsix + E;v 1—z°+c

7. a) In this case, u must correspond to the hypotenuse of the right triangle. (Why?) We have our choice of how to
label the legs, one side a and the other v/u2 — a2. With the selection below, u = asecf. What would u equal if
we had let a be the side opposite 07

u

a

u = asecl
du = asecf tan 6 db

VvVu? —a? =atanf

vu? —a?

b) In this case, a must correspond to the hypotenuse of the right triangle. (Why?) We have a choice of how to label
the legs, one side va? — u? and the other u. With the selection below, u = asin #, which is simpler than the other

choice.

u = asin@
a u du = acosf db
va? —u? =acosf
2 — 02

¢) Why must va? + u? must correspond to the hypotenuse of the right triangle? Why choose the u and a sides as
follows rather than reverse their positions?

u = atand
Vi + a2 u du = asec? 0 df
vu? +a? =asect
a




8. Where appropriate, use the triangles in the previous problem to help with the setup.

a) :/tszzgsecOtaHHdez/tan29d9:/(56029—1)d9:tan9—9:\/x2—1—arctan( 22—1)+c

1 1 1.
b) = /63 96S6C 0do = 36/c059d9:%sm9—

X

— e
3636 + 22

1 . Nz
c) :/stec&tan@dG:/icos@d@:ism@z =l e

14— z2)3/% ¢

4 4 4 8cosf
Triangles: ——dr= | —F/—m——dr= | ———= -2 0= =2
e) Triangles /4—x2 dx /(\/4_7:52)2 dx /(20050)2 cosfd /4c 529d0 /sec@d@

= 2/ln |sec(f) + tan | df = 21n|——==

1 1
d) Substitution is easiest: u =4 — 22 and du = —2z dx. So —5 /u1/2 du = 7§u3/2 = —

2 |—|—c-1n|(i+‘””2 | +e=In|ZE[+c

x

2cos 6 3
SIS o= —1VI—22(a? +8) +c

3 %zsin@:x:%sine
2u dmz%cos@d&
g)

o @:cosf)ém:?mos@

[ V9 —4a?de = 9fcos 0do = 9ff— Lcos20do =2 [5— fsm29] +c= % [g— %sin@cos@} +c
=2 {%@”/3) -3 7”)34“2} + ¢ = Jarcsin(2z/3) — 2v9 — 422 + ¢

1 3x=cos€z>xz%cos€
o V=928 gy = “Lsingdo
V1 =922 = sinf and 922 = cos? 6

0 V1 — 922
/ ssm :—%/seCQGdﬁz—%tan@—i—c:—&—i—c

£) = [ 50090059 dh = [8sin®0do = 8 [—7““2@‘3059 +§fsinede] = 8 [ slfeost _ Zoogp] 4o = VI

1
/ 9r2+/1 — 9932 cos2 0sin 0 9z
10. Some Brief Answers to the More Integral Mix-Up Problem:

a) Substitution: u = 2z. Jwe? — Le* + ¢
b) Substitution: v = z% 4+ 1. Je” e
c) Parts twice (circular reasonlng) 1e” cos(z) + 3e¥sin(z) + ¢

2

d) Parts twice. —x“cosz +2cosz + 2zsinz + ¢

1
e) Reduction: u =2z so 1du = dx. /sin4(2x) dx = B /sin4 udu

1 SinBUCOSU+3 12 d 1 singucosu+3 1 . +1 1d
=——|-—F+ - [sin®udu| = |————+ - | —csinucosu+ - U
2 4 4 2 4 4 2 2

1 sin® u cosu + 3 1 . + U + sin® 2z cos 2z 3sin 2z cos 2z 3x +
= -+ — | —=sinucosu + — c=— — — +c
4 4 8 16 8

f) Substitution: u = z2. 1 sin(z?) + ¢

g) Substitution: u = Inz. % +c

h) First use In2? = 2Inx. Then use parts. 2z In(z) — 2z + ¢

i) First use Inz'/2 = L Inz. Then use parts. Jzln(z) — iz +c
j) Parts. 33 (lna: — 7) +c

k) Half-angle. 1z + & sin(24z) + ¢



1) Ordinary: In|secz|+ ¢
m) Parts then u-sub: arctanz — 3 In(1 + 2?%) + ¢

n) Parts twice. sin®z — 1

sin®z + ¢
1 1
o) Substitution is easiest: u = 4 — 2 and du = —2z dz. So —5 /u1/2 du = 7§u3/2 = *%(4 — 2?32t

p) Let a =3, u =2z, du = 2dx, so %du = dz. Then

/ ! d ! / ! d ! in + larcsin 2 +c
—dr =~ | ———du= -arcsin— +c= - — .
V9 — 4x2 2 a? —u? 2 a 2 3



