Math 131 Day 35: Practest 3
Consult Labs 10, 11, and 12.
1. Find the average value of f(z) = m on the interval [1, 3].

2. Find the volume of the infinitely long solid region generated when the area in the first quadrant enclosed by y =

/ 8
o —— from x = 0 to £ = oo is revolved around the z-axis. Use disks.
x x

/ 8
3. Find the volume of the solid region generated when the area enclosed by y = PR — fromz =—-1toz =01is
x x
revolved around the z-axis. Use disks.

4. a) Find the area in the first quadrant enclosed by y = \/ﬁ y=0,and r =3 and z = 5.
b) Find the area in the first quadrant enclosed by y = \/ﬁ y=0,and x =5 and z = 00

5. Try these; many are similar looking integrals. The first few are improper.
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6. Use L’Hopital’s Rule if appropriate. (Answers not in order: 0, 0, 0, %, 1,1In2,2, e 3,4,5, —6,¢€".)
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7. Find the limits of these sequences. Use the key limits when possible (indicate when you do so). For the last part, use the
derivative formula: -+ (a®) = a®Ina, when a > 0.
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8. Find the sums of these series, if they exist. Note the starting indices! Two are telescoping.
4 — b 4|1 —
v 24(5) 2i(5) 9 X
[eS) 6 o] 1 n o) ) 3n
d —_ 5(= f 3(—
)§n2+7n+12 e); (2) )nz::l (3)




9. Determine whether the following series converge. First determine which test to use: nth term test, p-series test, integral
test, geometric series test, or the comparison tests. Your final answer should consist of a little ‘argument’ (a sentence or
two) and any necessary calculations. Use appropriate mathematical language.
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10. Now try these
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Brief Answers
More complete answers to follow.
1. 3(In3+In2—In4).
2. Ans: 27In5.

3. Improper (at —1). Ans: Diverges.

4. a) In3
b) Ans: Diverges
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5. Watch for typos. If you find any, let me know. The indefinite integrals are all +c.
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k) —oo Diverges

2
m) 2111|x|fﬁ+21n|x+1\ n) —4(z+1)7!
x

+2(x+1)72

=5
© 2o
&0 L
J) an
n;} nn
0) Z:lﬁ



Math 131 Practest 3: Answer Sketches

1. AV =L [P 1 g — dﬂ—U—Qda:—%(ln|x—5\—1n|x—4|)|?:%(ln2—ln4—|—ln3).

3—1J1 22=92+20 1 7-5
8 _ _ .2
2. rroers = o w90 Jo mrees de = [ S — s de =2 In |5
e 8
V= 71-/0 mdm = limp_, oo 27rln|x+5\|0 limp o0 27T[ln|zi—é| —ln|é|] = 27[In |1] —1n|%|] =27 Inb.
3. As above:
z+1

T +5

a——1%1

0
= lim 27 {ln

1
‘—hl
5

1 1
215 H =27 {ln 5’ — oo} . Diverges.

0
Vzﬂ'/ %dz: lim 27ln
122 +6x+5 a——1+

4. a) Triangles. x = 3secl, dz = 3secftanfdf, vVa? —9 = 3tand.

ftand 2
/ﬁ /3S§ian2n d9:/86c0d0:1n|se(;9+tan9|:ln §+xT9
1 x 2—9||° 4 a Vaz—-9
——dr=tim |2+ Y0 = dim |2 4o~ |2 YT 03— In (1] = In3,
/3 Va2 -9 v airghn:‘;—’_ 3 aa3+n3+3‘ n3+ 3 n|| n|| "
b) Use the work above.
| _ x VaZ-9||" b VB2 -9 5 4 .
/5 ﬁdx:bgrgoln g—l—T 5_b1i>ool §+ 3 —ln‘3+3‘:oo—1n|3|.Dlverges
li 40 L de =i 4 Larctan 2|° =i 2arctan & —0=2(Z) —0 =
5. a) limy, o fo g7z Ao = limp 00 4 - 5 arc an2|0f imp_, o 2 arctan g =2(%) =T.
. e . . b T
b) llmb_>oof3 ﬁdx:hmb_,oo fgb ﬁ‘i’ﬁdl’:hmb_mo(*ln|2*$|+1H|2+SED|3—llmb_>oo111|2+ |}3*11111b_)001n|2 |—

1n5—1n1—1n5——1n5

c) limy_o- fl T dz = limj_,- In | 2+’”|f1 =lim_,»- In |2E2| — In3 = +o0. Diverges.
d) u-sub: limp_0o f3 Tz dr = limp 00 (—2In {4 — 2?) |3 = limp 00 In |4 — b?| — In5 = +00. Diverges.

e) f$24f;;1+4dx:f 277/2 —%dm: Uz —4|-3Injz -1 +c

f) Not partial fractions. Can’t factor. w-substitution: u = 22 4+ 4z + 5, du = 2z + 4dz. f a:;fz;is dr = f%du =
21n\u|—|—c=21n\x2—|—4x—|—5|+c.

g) [— p 2 ﬁJrlda::—ln\x72|+2(:1772)71+1n\m|+c.

h) [2H4 _f9/4 5442 =9z -2+ Injz+2/+ec
i) u=4—z, du=—de. [—4u23du=—-12u'3+c= 124 —a2) V3 ¢

i) fi—g—%dx:4ln|x—l|—21n|x\—21n|x—|—2|—|—c.
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0 = lim Sz —2/+-Infz+4] = lim 2Inb—2+-[b+4— |2In|—2+-InJ4
Ax2+2x—8$ g gl =20 ginje 4l = i ginfo =2+ ginfbdl = gin[ = 2]+ g Infd]

1 1
=—00+ 3 In|6] — Bln| - 2|+ 3 In |4|} . Diverges

1) fﬁ 3wd$_ ;—7d$—1n|x‘ 1n|$—3|=ln\ﬁ|, So
e b
/ 23 dr = lim In
4 T7—3z bro0
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m) wdw—f%—l—%ﬂ—&—ﬁdm‘:ﬂnm+21n|x+1|—2(m+1)_1+c.

z(z+1)2
) 4z A n B n C A:U +2Ax+A+Bx—B+C
n =
(x+1)2 z+1 (z+1)2 (x+1)3 (r+41)3
2 A =0 4 4
. 94+ B —4 :>A:0,B:4,C=—4./ ke pdr=—Az+ 1) +2r 1) 4o
const: B+ C =0 (@+1) (@+1)
6. a) lim,_,; lnxl It limg,_y1 1/1; =1
b) lim, o S "H lim, o g2 = 4 = 2
c) lim, o % o imy 00 1425113 = hmm%oo 1?2 =3
d) lim, o e Hogip e g
e) lim, , §0 = 1746 =4
£) limg o 0 M i, g 22600 = 5

g) Recognize as a key limit: 7. OR: assume y = lim,_,o0 (1 + %)x

7\" 7 In(1+ 7 T2 1
Iny =In lim (1+) = lim zIn(1+ )— lim ( T 2) 1o lim = 1m = lim = T=T1.
_ 7T _1; T\x
Soy=e' =lim; 00 (1+ )"
h) hmx 0 COb4.L cos 2x IHO hmx 0 —4sm4g;—231n 2x IHO hmx 0 —16 cos4x2'+4cos 2r __ _1722 — _6.
i) lim, o e _1 z VHo _1 I'Ho lim, 0 & S =1/2
. 1 1’_ . 2lnz lHo 2/x 2 2
J) lm, o+ 2zlnz = lim,_,q+ 1/ lim, o+ ey =lim,_,g+ —=% =lim,_,o+ -2z =0
k) hmm—ﬂ)o x267m = hmz—)oc aevj g HO li My o0 i% r 2o li 1My — 00 e2z =0
1) Use logs: = lim, o0 In 2;:79. Use continuity: = In(limg_, 2;:‘_; ) IHo In(2) =In2
m) Assume y = lim,_,g+(22)*. Then Iny = lim,_ .o+ In(22)* = lim,_,g+ (/M) o lim, o+ % = lim,_,o+ —%2 =
lim,_,o+ — = 0. So Iny = 0, therefore y = ¢® = 1 = lim,_, o+ (27).
n) Assume y = lim,_,o+ (1 + 2)"/*. As above Iny = lim,_,o+ In(1 + 2)"/* = lim,_,o+ In(1iw) I'Ho lim, o+ 1/(11+;1;) = 1.

1 1/x

Therefore y = e! = e = lim,_,o+ (1 + z)

7. Find the limits of these sequences. Use the key limits when possible. When using I’Hopital’s rule, switch to x.

n
a) lim (1 + 3) =e®  (key limit)
n

n— oo
2224+ 7 vH dr  yH 4
. 2 2 T ‘Ho . ‘Ho
b) nhﬁngoln(Qn +7) —In(5n +n) = J:hﬂrr;o In 52 zhﬁn;() In T lnﬁ
21 1 21 D) vHo . w41
c) lim H(L;_): lim Mlg lim £t =0
n—o0 n T—>00 T T—00 2
. 2\" .
d) nhHH;O (3) =0 (key limit)
_ n
e) nh—>Holo <2> diverges (key limit)
L An?=3n+1 4= 2+455 4
f) lim ———rF— = lim —"—=" = _
2 2 o 2 1o 2
g) lim — = lim — "2 lim —— "y =,



8. a) 24(‘52)71:1_?_):270

2
5

— (10" 1
b) 24 <;) diverges since |r| = 50 >1
n=0

= 2 _OO 2 2 _ 2 2 2 2 2 _ 2
C) ;m_zﬁ_n—&—l Sn_(2_§)+(§_§)++(E_n7+1)_2_n7+1

n=1
2
S=lim S, = lim 2 — =2
n—00 n—00 n-+1
d)i 6 :i O O g (88 (8 8y (S 69 G
n:0n2+7n+12 n:0n+3 77,+4 n 3 4 4 6 n+3 n+4 n+6"°
. . 6
S = lim S, = lim 2— =
0 n 3 4 5 5
1 1 1 1 5 1 a 3 5
5(=) =5(= 5 51 = --.Soa=-,r==.8 =8 _—_,
e); (2> (2) * <2) * (2) TR T O T T T T T
= (-2\" &, -8\" —8\" -8\? -8 -8 a 3 24
f 3 — = 3= ) =3(—= 3 =— -.Soa=—,1=—.8 =9 =-_=
)nz::l <3) ; (27) (27> * (27) L I e Pl I T
9. a) p-series with p = 7/3 > 1. The series series converges.
b) nth term test: lim — lim — o ym & = # 0. By the nth term test the series diverges. [Also
n—oo 1 + e™ z—oo 1 + e%® z—o00 €T

integral test.]

c) Use the integral test. The corresponding function is f(z) = 13:;4 and is clearly positive and continuous on [1,00).
o0
2
Notice that f’(z) = % < 0 for all z in [1,00). So f is decreasing. The improper integral is /1 : +xx4 de.

4 2z

,u =2 du=2zdr So {35 dv = frluzdu:arctan(u)—l—c:

(recognize as an inverse tangent integral). u? = x
arctan(z?) + c.

< 2 b
——dx = li t 2’:1' tan(b?) — arctan(1) = [Z — Z] = Z
/1 13 g2 ¢ = Jim arc an(az:)1 Jim_arc an(b®) —arctan(l) =[5 — §] = ]
oo
. . . . 2n
Since the integral converges, by the integral test the series Z —— also converges.
— 1+n
2" +1 22 +1 v In2.2% y In 2)227
d) nth term test: lim g = lim + 1 rHo lim — O i % = 00 # 0. By the nth term test the
n—oo N r—o0 I T—00 2x T—00 2
series diverges.
. ) (3n+3) .
e) nth term test: lim In(3n +3) —In(6n+2) = lim In ———= =1n12 # 0. By the nth term test the series diverges.
f) p-series with p = 1/2 < 1. The series series diverges.
_ sind o sind oy, . —L.cosi . .
g) nth term test: lim —" = lim —*% =" lim —%—=—% =cos0 =1 # 0. By the nth term test the series diverges.
n—o00 = T—00 = T—00 -

h) Geometric series with |r| = 3/11 < 1. The series converges.
n T v
i) nth term test: lim — = lim — 2o m — = # 0. By the nth term test the series diverges.
n—oo lnn xT—00 lnx T—>00 ]./IE
j) Ratio Test (exponentials). The terms are positive and

. Qpy1 . 3ntl n" 3n" . 3 n"
r = lim = lim lim —
nsoon+1 (n+41)"

AR L T
n—oo  Qp, n—oo (n+ 1)7tl  3n el (n+1)n+1
—im 2 () =t 2 (L) = dmo l=o




k)
1)

10. a)

b)

d)

By the ratio test the series converges.

Geometric series with |r| = 5/4 > 1. The series diverges.

< 0on

Integral test: Note that f(z) = 0% g certainly positive and continuous; it is also decreasing: f'(x) = (1’3"’”4

x| (CEE
[1,00). Aside u =2 + 1, du = 32® dz. Then [ 35 dv = [L1du=1In|u| =In|z® +1|. So

3+1
b 3 2
. X . 3

lim ———dr = hm In |23 +1|‘ lim In|p° + 1| —Inl =00

b—oo Jg T +1 0 b—o0
So n3 “7 also diverges by the integral test.

. (@2n+1)t -
nth term test: lim @n =1y = lim (2n+1)(2n) = 0o # 0. By the nth term test the series diverges.
n—o00 n — ! n—o0

The integral test. Let f(z) = m. Then f(z) is positive and continuous on [1,00). f(z) is also decreasing
because as = increases, the denominator increases and the numerator stays the same, so the overall function decreases.
Use partial fractions (check that these are the correct fractions).

> 3 b1 1 b 2
/ ﬁdm:hm/ — ——dz = lim In|z + 2| —In|z + 5| :limlnx—’_
2 33+71)+10 b—o0 2 JJ+2 $+5 b—o0 1 b—o0 .T+51

, b+ 3 1+2/b 1 1
= jm g g = lim lngmry —Ing =lnl —lng =n2.

Since the integral converges, so does the corresponding series > - by the integral test.

3
n=1 n24+7n+10
n" Kcylelt

nth term test: lim — oo # 0. By the nth term test the series diverges. OK by the Ratio Test, too:
n—oo N!
n" nl 1)ntt nn \"
Positive terms and r = lim Gntl _ lim M A lim M = lim M = lim nt =
n—oo  a, n— 00 (n + 1)! nn n— 00 (n + 1)77," n—00 nn n— 00 n

n—r oo

1 n
lim (1 + ) = e > 1. So the series diverges by the ratio test.
n

1 ! 1
Ratio Test (factorials). The terms are positive and r = lim @il _ lim CEh nT = lim 1 0 <1. By the
n—00 Oy n—oo (N n—oo N,
ratio test the series converges.
1t 4n N 11
Ratio Test (exponential). The terms are positive and r = lim Intl _ Jim M S T + -—=-<
n—oo QA n—ooo 4n+l n4 n—o0o n 4 4

1. By the ratio test the series converges. Better: Root Test (powers). The terms are positive and » = lim /a, =

n—oo
4 n 4 14
lim /2 = lim (V) — < 1. By the root test the series converges.
a (nt1) n! n+1
M . n ! . !
Ratio Test (factorials). The terms are positive and 7 = lim —=% = lim % = lim . =
n—oo  a, n— o0 % n—oo (n + 1)! n
1 141
lim . +1/n = 0 < 1. By the ratio test the series converges.
n—oomn + 1 1
([n+1]H?
n m 11?2 2n)!
Ratio Test (factorials). The terms are positive and r = lim Intl _ i (27"“3)' = lim ([ + 119 . (2n) =
n):
1)? Zyon+1 1
nh_}rr;o @n J(rnl—)i_(sz T2 = ngr()lo % =1 < 1. By the ratio test the series converges.
Ratio Test. The t itive and r = lim “2*L — i 2 o 2" im 2
atio Test. e terms are positive and r = lim a Jim (1)t el Jim ) Jim
n" 1 _ n \" 2 . 1 "2 .1 .
—— ——— = lim — lim . = lim — -0 =0 < 1. By the ratio test the
(n+1)" n+1 nocc\n+1 n+1l  nooo 1+1/n n+1l nocce

series converges.



