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14.7 The Comparison Tests
The idea behind the comparison tests is pretty simple. Suppose we have a series
o
1 : . .
suchas ) ) which we know converges by the p-series test. Now compare this
=1
n o 1
to the series Z ———— The terms in this new series are smaller than the corre-
nc+n+2
n=1
sponding terms the first series since
1 1
0< 55— < —.
n+n+2  n?
[e9) 1 [e9)
So the sum of Z ———— should be smaller than the sum of — . Since the
—nttn+2 —n
latter series converges, so does the former.
There are some technical details that need to be checked—for instance, the
terms of the series need to be non-negative. But this idea can be made into a proof
which we will omit here. The result is
THEOREM 14.7.1 (The Direct Comparison Test). Assume that 0 < a,, < b, for all n (or at least
alln > k).
[ee] oo
L If b d .
t n; n COMVEIEES 80 COes n; n NOTE: As stated, this test requires
o o 0 < a, < b, for all n. But this condition
o If Z an diverges so does Z by. may be relaxed so that 0 < a,, < by, for

n=1 n=1 alln > k.

The way to think about this theorem is if the bigger series converges, so does
the smaller one. If the smaller one diverges, then so does the bigger one.

Pre-law and pre-med students (in addition to math students) should delight in
using the the direct comparison test because one needs to see a pattern and then
construct a little argument. I will be looking for these ‘arguments” when I grade
your work.

Examples

To use the comparison test effectively, you need to know lots of series that diverge
or converge to which you can compare an unknown series. Such series are often
‘provided’ by such tests as the p-series test, the geometric series test, or even the
integral series test. Let’s see how this works.

converge?

(o)
1
EXAMPLE 14.7.2. Does E —_—
w7z =25

Solution. scrAaP woRrk: Notice this not a series to which the integral test easily

applies, nor is it a p-series or a geometric series. However, it looks a lot like the
o0

. . 1 . .
geometric series 2 o which converges. When we compare a series to a converg-
n=1
ing series, we want the unknown series to be smaller than the known series so that

we can use the the first part of the the direct comparison test to show that the new
series also converges. In this case notice that 0 < ﬁ < % for all n. OK, let’s give
a careful argument.

[e9)
. . 1
ARGUMENT: Since 0 < 2,,1+5 < % for all n, and since Z n converges by the geo-

n=1
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o0
. . 1
metric series test (Theorem 13.2.2) because |r| = 5 < 1, then Z:l i 5 converges
n—=

+5
by the direct comparison test (Theorem 14.7.1).

Notice the argument is not long but it has two important aspects. First we iden-
tified a related series that we knew about for comparison. Second we verified the
appropriate hypothesis relating the terms of the unknown series to the one we
knew about.

X Inn
EXAMPLE 14.7.3. Does Z - converge?
n=1

Solution. scrAP woORK: We could use the integral test. However, this looks a lot

(o]
like the harmonic series Z - which diverges. When we compare to a diverging
n=1
series, we are expecting the unknown series to diverge so we want the terms of the
unknown series to be larger than the terms of the known series. But is it true that
1“7” > %? OK, let’s give a careful argument.
ARGUMENT: Notice that

Inn _ 1
725 <~ Inn>1 << n>e

> 1
In particular, if n > 3, then 1“7” > % Since Z ” diverges (p-series test with p = 1),

n=1
(e )

\
then Z % diverges by the direct comparison test (Theorem 14.7.1).
n=1
Notice how we justified the steps in the argument, even justifying why we know

=1
) = diverges.
n=1"1

co n
EXAMPLE 14.7.4. Does ’El 56 converge?
00 AN
Solution. scraP work: This looks a lot like the geometric series Z = =
[ee) 2 n n=1
) <5) which converges.
n=1

. . (o) 2 n
ARGUMENT: Since 0 < 5,1216 < (%)n for all n, and since Z (5 converges by
n=1

00 n
the geometric series test (Theorem 13.2.2) because |r| = 2 < 1, then
8 ( 32.2) Il =3 L 5

converges by the direct comparison test (Theorem 14.7.1).

oo
1
il ?
EXAMPLE 14.7.5. Does Zl . converge?
n—

Solution. scrar work: Notice that the terms of this series get small very
quickly. So we should suspect that it converges. This not a series to which the
integral test easily applies, nor is it a p-series. It takes a bit of algebra to see what
to compare it to.

ARGUMENT: Noticen! =1-2---(n—1)-n>(n—1)-n=n*>-n.S00 < L < 1

n2—n"’
to see that it converges,

Now we could apply the integral test to the series )

n—n
and then use the direct comparison test to see that ) % converges. But we can
avoid the integral test by using a bit more algebra. Notice that

n2 1’12 n
7<:> >n<— —>1 <= n>2

2
—n> -
n n -~ 5 >
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(e}
. 2, 2
So this means n! > ”7 if n > 2. So % < %, when n > 2. However 2 — converges
: n
n=1

o
(p-series, p = 2 > 1) so by direct comparison (Theorem 14.7.1) the series Z %
converges. i
YOU TRY IT 14.7. Each of the following statements is an attempt to show that a given series
is convergent or divergent using the Comparison Test. Classify each statement, ‘correct’ if
the argument is valid, or “incorrect’ if any part of the argument is flawed. (Note: Even if the
conclusion is true but the argument that led to it was wrong, classify it as incorrect. )

= 1
(a) Foralln >3, 0< % < nlr}(n)’ and the series Z:a = diverges so by the Comparison
n—=

(o]
1
Test, the series n; W diverges.

[ee)
Yt 1
() Foralln >2, 0< % < ”TH and the series Z - diverges, so by the Comparison

vn+1

(o]
Test, the series Z —— diverges.
n=1 n

n=1

(¢) Foralln >2, 0<

fng, < %, and the series Z
n=2

3 -3 converges, so by the Comparison

n
Test, the series ——— converges.
' ng:z 3—mnd 8

> 1
(d) Foralln >1, 0< COS;# < %, and the series Z s converges, so by the Compari-

n=1
00 2
. cos-(n
son Test, the series Z #
n=1 n

converges.

o0
. 1 .
() Forallm>1, 0< % < 22‘1—?1, and the series Z:l = converges, so by the Comparison
n:

2n+1
n3

(o]
Test, the series Z

n=1

converges.

A1dde jou saop 3593 uostredwrod ayy “sarres SurSI0AU0d © Uey) 1981e] ST SOLISS B J] "}091I00U] (3) }091
cl— upu

-10D) (p) &5 £ % "3991100U] (9) 399110D) (q) %
WEBWORK: Click to try Problems 153 through 154. Use GUEsT login, if not in my course.

% % :3091100U] (€) "I 11 XML NOX OL YAMSNV
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The Limit Comparison Test

While the direct comparison test is very useful, there is another comparison test
that focuses only on the tails of the series that we want to compare. This makes
it more widely applicable and simpler to use. We don’t need to verify that a, <
by, for all (or most) n. However, it will require our skills in evaluating limits at
infinity!

THEOREM 14.7.6 (The Limit Comparison Test). Assume that a, > 0 and b, > 0 for all n (or
at least all n > k) and that

[ee]
(1) If 0 < L < oo (ie, Lis a positive, finite number), then either the series Z an and
n=1
o0

by, both converge or both diverge.
n=1

(o) (o)
(2) fL=0and Z b, converges, then Z a, converges.
n=1 n=1

[ee) [ee)
(3) If L =00 and Z by, diverges, then Z a, diverges.
n=1 n=1

The idea of the theorem is since nh_r}r;o Z—n = L, then eventually a, ~ Lb,. So if one
n

of the series converges (diverges) so does the other since the two are ‘essentially’
scalar multiples of each other.

(o)
1
EXAMPLE 14.7.7. Does Z:l 32 converge?
n

— 3n“—n-+6

Solution. scRAP WORK: Let’s apply the limit comparison test. Notice that the
terms are always positive since the polynomial 372 — n + 6 has no roots. In any
event, the terms are eventually positive since this an upward-opening parabola. If

[ee]
1
we focus on highest powers, then the series looks a like the p-series ) ) which
=1
converges. !
ARGUMENT: Since the terms 3]1237"% and ]11—2 are positive, we can apply Theo-
rem 14.7.6.
1 2
a 32—n+6 . 1 1
lim =~ = limM: lim —————— =lim —F——F =->>0
n—eo by n—oo 7 n—oo 3nc —n-+6 n%oo?,_ﬁ_»_ﬁ 3
= 1 > 1
Since — converges by the p-series test = 2 > 1), then B
n;nz gesby e p (p ) ’;3712—114-6

converges by the limit comparison test (Theorem 14.7.6).

NOTE: When the series involve fractions, the first step in the limit process can
be done more efficiently. Instead of dividing one fraction by the other, we can
multiply one fraction by the reciprocal of the other. For instance, earlier in this
example we could have written

n2

lim n Iim ————
Mo i L
n—oco by, n—o3n2—n+6 1

and then carried out the rest of the calculation.

(o)
EXAMPLE 14.7.8 (The General Harmonic Series). The series Z

p—— is called the general
n=1

harmonic series. If ¢ > 0 does this series converge?
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Solution. scrRAP WORK: Let’s apply the limit comparison test by making the
o0

. . . . 1 . .
obvious comparison to the harmonic series 2 — which we know diverges.
n=1
ARGUMENT: Since the terms ﬁ are positive once cn 4+ d > 0, in other words

when n > —%, and since and % is always positive, we can apply Theorem 14.7.6.

lim 2 = lim
ngrolobn 7n—>oocn-|—d

?zlim =->0,

= 1
since ¢ > 0. Since Z - diverges by the p-series test (p = 1), then the general
n=1

harmonic series ) ord diverges by the limit comparison test (Theorem 14.7.6).
n=1

& n
EXAMPLE 14.7.9. Does the series Z converge?
n

— 213+ 4

o Vn

Solution. scrRAP work: This time if we focus on highest powers, Z

i
> pl/2 =1
roughly equal to Z:l 3= Z:l —5/3- Which diverges
n= n=
ARGUMENT: Since the terms 5 \3/; ; and 5 - are always positive, we can apply

Theorem 14.7.6.

Coa, nl/2 572 ' 3 . 1
Iim — = lim —— = lim ——— = lim =

> 0.
n—oo by, n—soo 213 + 4 + 4 1 n—oo 213 +4  n—so0 ) =+ %

NI~

. | , 5 2 /n
Since Z —572 converges by the p-series test (p = 3 > 1), then 7; 2314 con

2
n=
verges by the limit comparison test (Theorem 14.7.6).

(o]
EXAMPLE 14.7.10. Does the series ) converge?

4n+5

o
Solution. scrAP woORK: The obvious comparison is to the p-series 2 7
n=1
which diverges.

ARGUMENT: Since the terms —

1 o\
and 177 are always positive, we can apply

V4n+5
Theorem 14.7.6.
1/2 1/2 1/2
n . n HPwrs ;. n T n _ 1
,}gr.}oa B e B L Sy i L v, Bl gl
1
Since Z dlverges by the p-series test (p = < 1), then the series Z 47%
n
dlverges by the limit comparison test (Theorem 14.7.6).
6n? . 2"
EXAMPLE 14.7.11. Does the series Z Iy converge?
Solution. scraP work: Focusing on highest powers i 6’1272” is roughl
. : g & p , 13 ghly

n=1
2_2;1 S

Z;l " which we saw is divergent in Example 14.2.6.
n=

L
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6n2-
4+3
rem 14.7.6. (Note the use of the rec1proca1.)

ARGUMENT: Since the terms and 2 are always positive, we can apply Theo-

ay 6nZ.2m u? . 6n* ,

hm——hmi-—zlrni:hm
n—00 n—oo pd 43 2" nSeopt 43 nSeo ] 4 %
n

=6>0.

=, 2" & 6n* 2"
Since ) 2 diverges from Example 14.2.6, then the series Z"l A3
— n=

diverges by
the limit comparison test (Theorem 14.7.6).

o~ (=1)"-(2In(e") +2)

EXAMPLE 14.7.12. Does the series Z (n)3
cos(nm)n

n=1

converge?

Solution. scrAP woRrk: First simplify the nth term: cos(nm) = (—1)" right?
And 21In(e") = 2n. So ZU-2IE)+2) 2142 Use a limit comparison test with

cos(nm)nd
Lo e
ARGUMENT: Since the terms (=1/-(2In(e 3)+2) 2"+2 and are always positive, we
cos(nm)n
can apply Theorem 14.7.6.
2n+2 n? 2n3 + 2n? 2n®
lim 2 = Jim T2 gy ST A HRws ) 2 g,
n—oo by n—oe N 1 n—oo n n—oo 1
> 1 ® (~1)"- (2In(e") +2

Since ) — converges by the p-series test, then the series ) (=1)"- (2In(e") +2)

= cos(nm)n3

n=
converges by the limit comparison test (Theorem 14.7.6).

- 1
EXAMPLE 14.7.13. Does the series Z sin (—2 converge?
n
n=1

Solution. scraP work: The terms sin (,,17) are always positive. Use a limit

comparison test with } > ; %

ARGUMENT: Since the terms cos <nl—2) and are always positive, we can apply
Theorem 14.7.6.

: 1 1 1 2
. ln . sm (nz) sin (xz) I'Ho cos (x2> < x3)
Iim — = lim ———~% = lim = lim
n—sco by, n—s00 1 n—00 1 X—>00 2
n? x2 -3

= 1
Since Z converges by the p-series test, then the series Z cos (nz> converges
n=1
by the flrst part of the limit comparison test (Theorem 14.7.6).

WEBWORK: Click to try Problems 155 through 158. Use GUEST login, if not in my course.
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