MATH 131 INFINITE SERIES, PART V: THE ALTERNATING SERIES TEST

14.9 Absolute and Conditional Convergence

Sometimes series have both positive and negative terms but they are not perfectly
alternating like those in the previous section. For example

i sinn_ 0.841 0909 0141 0757 0.279 N 0.657
n2 1 4 9 16 25 36

n=1

is not alternating but does have both positive and negative terms.

So how do we deal with such series? The answer is to take the absolute value
of the terms. This turns the sequence into a non-negative series and now we can
apply many of our previous convergence tests. For example if we take the absolute
value of the terms in the series above, we get

i sinn
2
n=1l T
Since |sinn| < 1, then
sinn 1
0<|—1|< —=-
n? n?
But Z:l -7 converges by the p-series test (p = 2 > 1), so Zi 2| converges
n= n—=
- L . e sinn
by comparison. But what about the original series Z 7? The next theorem

n=1
provides the answer: The series does converge.

oo oo
THEOREM 14.9.1 (The Absolute Convergence Test). If Z |an| converges so does Z an.

n=1 n=1

(e &%)
Proof. Given Z |an| converges. Define a new series Z by, where
n=1 n=1

ay +a, = 2a,, ifa, >0 S

by =ay + |ay| = 0.

ay, —a, =0, ifa, <0

o0
S0 0 < by = ay + |an| < |an| + |an| = 2|a,|. But ) _ 2|a,| converges, hence by direct

n=1
(o)

comparison Y b, converges. Therefore
n=1

o)

Y an =Y [(an+lanl) = lanl] = Y- bw — laul = Y- bu— Y |aul
n=1 n=1 n=1 n=1

n=1

converges since it is the difference of two convergent series. O

[e) [e9)
Important Note. The converse is not true. If Z a, converges, Z |a,| may or may
n=1 n=1

(="

[e9)
not converge. For example, the alternating harmonic series Z ——— converges,
n=1

[e9)
but if we take the absolute value of the terms, the harmonic series Z ” diverges.
n=1

This leads to the following definition.
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(o) (o)
DEFINITION 14.9.2. ) _ 4y is absolutely convergent if ) _ |a,| converges.

n=1 n=1
=)

(o] o0
Z ay is conditionally convergent if Z a, converges but Z |an| diverges.

n=1 n=1 n=1

) (_1 n

EXAMPLE 14.9.3. Determine whether Z I converges absolutely, conditionally, or not at
n=1 n

all.

Solution. Fi heck absol y | Uy L

olution. First we check absolute convergence. Z:l 7| = Y 375 s ap-
B —

series with p = % < 1. So the series of absolute values diverges. The original series
is not absolutely convergent.

Since the series is alternating and not absolutely convergent, we check for condi-
tional convergence using the alternating series test with a, = nz% Check the two

conditions.
1. lim 4, = lim ——~ =0.
n—r00 n n—00 n2/3

1 1
2. Further a,,1; < a, because e < s

. . : . - o (—1)" .
Since the two conditions of the alternating series test are satisfied, Z =D

n=1 Vn2

conditionally convergent by the alternating series test.

(o)

. cosn
EXAMPLE 14.9.4. Determine whether Z >
n
n=1

converges absolutely, conditionally, or not at

all.

Solution. Notice that this series is not positive nor is it alternating since the first
few terms are approximately

o cosn 0540 0416 0990 0.284
Zl n2 T 12 T2 32 + 42 +
n=

cosn

First we check absolute convergence. Z ’ ‘ looks a lot like the p-series 2

with p = 2 > 1. We can use the dlrect companson test. Since 0 < | cosn| < 1,

cosn 1
0< ‘7‘ <

n2 | = n?

cosn

1
for all n. Since the p-series Z — converges, so does Z ’
- n=1
comparison test (Theorem 14.7.1). So the series of absolute values converges. The

’ by the direct

original series is absolutely convergent. We need not check further.

. = (="
EXAMPLE 14.9.5. Determine whether Z %
n=2 V1= —

converges absolutely, conditionally, or not
at all.

. -1)" > 1
Solution. First we check absolute convergence. Z ()‘ = Z —_—

n=2 n?—1 n=2 n?—1
Notice that ﬁ ~ 150 let’s use the limit comparison test. The terms of the
series are positive and

. a . n HPwrs ,. n . n
lim 2 = lim —— -~ =" lim — = lim — =1 > 0.
n—eo b, n—oo/p2_1 1 n—00 \/y2  n—oon
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1 1"
Since the harmonic series Z diverges (p-series with p = 1), then Z =D
n=2 "t n=2 n? —1

diverges by the limit comparison test. So the series does not converge absolutely.

Since the series is alternating and not absolutely convergent, we check for con-

ditional convergence using the alternating series test with a, = \/;1%7—1 Check the
two conditions.

1. lim a4, = lim —— = 0.
n—00 n—oo \/p2 — 1

1 _ 1
Vin+1)2-1  Vn?2-—

also show the derivative is negative.) Since the two conditions of the alternating
o0 _1 n

series test are satisfied, ) =D
— vVn2—1

n=2

2. Further a,,11 < ay is decreasing because

T (You could

is conditionally convergent by the alternating

series test.

, @ (—1)"(2n* +7)
EXAMPLE 14.9.6. Det heth - -
14.9 etermine whnether Z 6?19 — 27’1

n=1

converges absolutely, conditionally,

or not at all.

(=120t +7 & 2nt 47
Solution. First we check absolute convergence. Z M = Z -+

= 6n’ —2n — 6n° —2n’
. 4 o .
Notice that 62n’19j27n ~ % So let’s use the limit comparison test. The terms of the se-
ries are positive and
li an lim 2nt4+7 Wb T 21° + 71° HPwrs i 2n° 1 <0
im = lim —¢——— = lim ———— =" lim >3 =~ >0.
n—oo by, n—e6n?—2n 1 n—e 612 —2n n—oo 61 3

(=D)"(2n* +7)
— 6n° —2n
converges by the limit comparison test. So the series converges absolutely.

[e) 1 [e9)
Since ) -5 converges (p-series with p = 5 > 1), then ) _
=1 n=1

o (1)1
EXAMPLE 14.9.7. Determine whether Z (lnrz converges absolutely, conditionally, or not at
n=2
all.
. = (=1)" =1
Solution. First we check absolute convergence. Z = 2 I We use
= ln n = 1n
the direct comparison test with nln —. Notice that 0 < nlnn < lnn because n > 1.
o 1 . . . -
Next Zz Y diverges (as we saw in earlier examples).” Consequently Zz nn 1 To check that Z 1 — di-
n= n=

diverges by the direct comparison test. So the series does not converge absolutely. verges, use the 1ntegral test and

Since the series is alternating and not absolutely convergent, we check for con- et Subsmut;on Wl;h ”1 :llnx
ditional convergence using the alternating series test with a, = ﬁ Check the two > xlnx T 5 n| anz B
conditions n hlim In|Inb| — ln(ln2) +oo.

1

1. lim a, = lim — =0

n—00 n—oo Inn
2. Further ay, is decreasing since f(x) = = = (Inx)~! then f'(x) = SC.EI R,

for x > 2.

. iy . . e e (D"
Since the two conditions of the alternating series test are satisfied, ) S

conditionally convergent by the alternating series test.

© (—1)
EXAMPLE 14.9.8. Determine whether Z

n=1

converges absolutely, conditionally, or not

at all.
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[e9) n o0 2?’!
Solution. First we check absolute convergence. —| = —. Hey wait. .. does
gence: L[| = Ly MY
this series diverge? Use the nth term test:
. " . 2% 1Ho .. 2*In2
Iim — = lim — = lim =
n—oo 21 x—00 2Xx X—00

Since limy, 00 4, 7# O the series automatically diverges and cannot converge abso-
lutely or conditionally.

Bonus Fact: The Ratio Test Extension

When we test for absolute convergence using the ratio test, we can say more. If
the ratio r is actually greater than 1, the series will diverge. We don’t even need to
check conditional convergence.

(o)
THEOREM 14.9.9 (The Ratio Test Extension). Assume that Z a, is a series with non-zero terms
n=1
An+1
(7]

and let r = lim
n—oo

(o]
1. If r <1, then the series ) a, converges absolutely.
n=1

[ee)
2. If r > 1 (including o), then the series Z a, diverges.
n=1

3. If r = 1, then the test is inconclusive. The series may converge or diverge.

This is most helpful when the series diverges. It says we can check for absolute
convergence and if we find the absolute value series diverges, then the original
series diverges. We don’t have to check for conditional convergence. Huzzah!
- o (=1)"n! .
EXAMPLE 14.9.10. Determine whether }: ——ga— converges absolutely, conditionally, or
not at all. !
Solution. Here’s a perfect place to use the ratio test extension because there is a
factorial.
(=) 1) 3T
r= Jim, = 3n+(1 o (—1)"n!

n—oo

n—i—l‘
= 0

The (original) series diverges by the ratio test extension. That was easy!! The ratio
test extension says we don’t have to check for conditional convergence.

| © (1) (n+1)! y
EXAMPLE 14.9.11. Determine whether ~——— = converges absolutely, conditionally,
21y, 24 Y, Y,

n=1
or not at all.

Solution. First we check absolute convergence using the ratio test because of the

factorial.
. (—1)"*1(n+2)! 2"n (Tl+2)1’l le + 21| HPwrs . n
r = lim . = lim |>0—Z4-| = —— | =" lim = = oo.
n—eo| 2ntl(p 4 1) (=D)r(n+1)!| noeo|2(n+1)| nooo|2n+2 n—co 2

The (original) series diverges by the ratio test extension.

. n(=2)"

EXAMPLE 14.9.12. Determine whether Z TS

n=1

converges absolutely, conditionally, or not

at all.
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Solution. Check absolute convergence using the ratio test extension.

— lim 2<"+1>‘
n—00 3n

HP:wrs g
3

_n\n+1 n+1
' — lim (n+1(=2)"" 3
n—00 3n+2 n(—=2)"

The (original) series converges absolutely by the ratio test extension.

Here are lots of WeBWorK practice problems to try.

WEBWORK: Click to try Problems 179 through 190. Use GUEST login, if not in my course.
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