Prerequisite: Limits Using I’"Hopital’s Rule

Some useful limits. Before we look at any further examples and techniques for
computing limits, here are some very handy limits that you should know. All of
these limits come from looking at the graphs of the particular log or exponential
function.

THEOREM o.0.1 (The End Behavior of the Natural Log and Exponential Functions). The end behav-
ior of e and e™* on 9 — 00, 00) and Inx on (0, +0) is given by

lim e* = +o0 and lim e =0
xX—>00 X—y—00
lime ™ =0 and lim e * =40
X—r00 X——00
Iim Inx = —o0 and Iim Inx = +o0
x—0+ X—00

0.1 Introduction: Indeterminate Forms

Most of the interesting limits in Calculus I have the form % or 2. Remember that
we say that such limits have indeterminate form.

Such limits require “more work” to evaluate them. This work might be factor-
ing, using conjugates, using known limits, or dividing by the highest power of x.
Here are three common types of indeterminate limits:

1. g form: If welet x =2 1in
lim x4
x—=2 X —2

4
. . 0 .
we obtain a meaningless o eXpression.

co .
2. — form: If we let x — co in
oo
2x* —4
im ————
x—c0 3x2 4+ 9’
we obtain a meaningless — expression.
(0,9)

3. and a new type of indeterminate form co - 0: If we let x = oo in

lim xe %,
X—00

we end up with a meaningless o - 0 expression. Each of these limits requires

‘more work’ to evaluate them, such as factoring or focusing on highest powers.
Now we describe a simple method called I’'Hopital’s Rule to evaluate limits, at
least limits of the first two types.

See Chapter 4.7 in Briggs, Cochran, &
Gillett.
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0.2 The Indeterminate Form 8.

THEOREM o.2.1 (I'Hopital’s Rule). Let f and g be differentiable on an open interval I contain-
ing a with ¢’(x) # 0 on I when x # a. If Jlclg}lf(x) =0 and Jl(ig}lg(x) = 0, then

&) _ o 5

lim =< = lim

x—ag(x)  x=agl(x)’

provided the limit on the right side exists or is =cc. This also applies to one-sided limits
and to limits as x — o0 or x — —co

EXAMPLE o.2.2. We could evaluate the following indeterminate limit by factoring:

2 4 _
im Y DD oy
x—2 xfz\_‘o x—2 x—2 x—2

But we could also use I'Hopital’s rule:

2_4vy 2
lim = Ho 1im =¥ — 4
=2 X —2 —2 1

which is pretty easy. Just remember to take the derivatives of the numerator and denomina-
tor separately.
Similarly for an indeterminate form of <, consider

2x2 — 477 i 22

0032 49 wombx 3

EXAMPLE o.2.3. This technique can be applied to problems where our old techniques failed.
Here are a few more.

12" vHo,,  —1
1. lim = hmT:hmfx:fl
x—1 In o x—1 4 x—1
X
X _o9x _n 0, x _ox
2 lim B2 2270 tHo ATInd=2Tn2 s oo
x—1 X — 1\0 x—1 1
o1 —cos3x”" I'Ho .. 3sin3x”" . 9cos3x 9
3. hmizzhm?:hm 1 =1
x—0 ZX\O x—0 X0 x—0
24 e, 2x+1 2
4. lim —— = lim =-=2
x—0 e¥ — 1\0 x—0 ¥ 1
x? + x/ 0
5. lirr(l) = 0. Here I'Hopital’s rule does not apply. The limit can be evaluated since
x—
1
the denominator is not approaching 0.
6. lim 736_3]0 I'Ho lim —1 = lim 2x =5 *1
) x—3* 11’1(23(—5)\() a x—31 2x2—5 a x—3* 2 a 2°
3
1 _5 ———
7. lim V10+3x =57 rHo lim 2103 _ 3

x—5 X — 5\0 x—5 1 10°

0.3 Why Should I’'Hopital’s Rule Be True?

Here’s a proof of a simpler version of 'Hopital’s rule. It makes use of the defini-
tion of the derivative.
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THEOREM o.3.1 (I'Hopital’s Rule—Simple Version). Let f and g be differentiable on an open in-
terval I containing a with g’(a) # 0. Assume that lim f (x) and lim f (x) both equal 0. Then

f&x) _ fa)

2 g(x)  ga)

Proof. Since f and g are differentiable at 4, then each is continuous at x = a.
Therefore, by definition of continuity, f(a) = )l{lg}l f(x) =0and g(a) = chlg}z g(x) =
0.

Using the definition of the derivative and that fact that f(a) = g(a) = 0, we get
)-0 (a)
lim fx) =1 % = lim f(x" = lim f(x’)‘ £ - f'(a)
x—a g(x) x—a g(x) x—a g(x)=0 x—a g(x)—g(a) g/(a) :
X—a xX—a X—a
That was easy! 0

0.4 The Indeterminate Form 2.
I'Hopital’s Rule also applies to indeterminate limits of the form 3. More specifi-
cally

THEOREM o.4.1 (I'Hopital’s Rule co/0). Let f and g be differentiable on an open interval I con-
taining a with ¢’(x) # 0 on I when x # a. If lim f(x) = £oo and lim g(x) = oo, then
X—a xX—a

f&) L F)
P g(x) o g(n)’

provided the limit on the right side exists or is +-co. This also applies to one-sided limits
and to limits as x — co or x — —

EXAMPLE o.4.2. We could evaluate the following indeterminate limit by using highest pow-

ers: oo
2x2 +47 a2

im ——— = lim == = =.
xotee 32 4 xn xotee 3y 3
But we could also use 1’'Hopital’s rule:

2x2 + 47" 1Ho b AT rHo 42

x50 322 1 XN x=boo 6x + 1, | x>t 6 3
A more interesting example that we could not have done earlier would be

Inx”"" I'Ho %

lim lim
x—0* oo x—0t — = x—0+ —1
Repeated use of I'Hopital’sRule is often required. Make sure to check that it applies at each

step.

—+o0
o
. 2¢* +x IHo ,. 2¢+1r1Ho , 2
Iim ——— = lim =" lim = +oo0.
x>0 x2 +7x +1 x—o0 2x +7 x—oo 2
———— —— ~—
00 /00 00/ 00 2
YOU TRY IT o.1. Try these now.
3x2+7 —x? 1 1
@ lim 2= ) tim 5 (@) lim 2 (@) lim
x—o0 5x2 4+ 11 x—o0 e¥ x—c0 ¥ X0 X

0w 00 0@ 2@

‘T°'0 LI XYL NOX OL ¥IMSNV
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0.5 The Indeterminate Form: Q - co.

I’'Hopital’s rule cannot be directly applied to limits of the form 0 - co. However, if
we are clever, we can manipulate and rewrite the limit as 0/0 or oo/ oo form.

EXAMPLE o.5.1. Determine lim xIn x3.

x—0F

Solution.  Notice that the limit has the indeterminate form 0 - co. Rewriting it we can
apply I'Hopital’s rule. We want to get it into either of the standard indeterminate forms %
or 2. We do this by changing multiplication into division by the reciprocal. For example,

multiplying In x by x is the same as dividing In x by % In other words,

o 3
. .  3Inx"" rHo . ki . 3x
lim xInx® = lim 3xlnx = lim —_ =° lim =

x—0+ x—07F x—07+

E\wco

EXAMPLE o.5.2. This time determine limy_,o X sin(%).

Solution. Notice that the limit has the indeterminate form ‘co - 0.” Here we can rewrite the
limit as

1 0 1 1 1
sin( + — =5 cos(~ cos(+
lim xsin(1) = lim () IHo "27("): im () =cos0=1
X—00 x x—o0 1 X—00 _1 x—oo 1
x*N\o x2

YOU TRY IT o.z. Try these. First check whether the limit has the indeterminate form ‘co - 0".
If so, determine which term makes sense to put in the denominator so that 'Hopital’srule

can be applied. Then solve.

2 ,—x

. — . 1 . 2
(a) xh_r}l(‘)lox e ®) xlgl(}oxtan(x) () lim x“Inx

x—0t
00 1@ 0@
‘CT0 LT XYL NOX OL ¥HMSNV

EXAMPLE o.5.3. Of course we can use 'Hopital’s rule in the context of other sorts of prob-
lems. Graph y = f(x) = ZYE—T"X Include both vertical and horizontal asymptotes.

Solution. Horizontal asymptotes (HA) and End Behavior: Use 'Hopital’s rule:

. 2x+e"1Ho .. 2+4+e€ 1Ho ,. ¢€F
lim = lim = lim —=1
x—+o00 X x—+oo X x—+o0 X

So HA aty = 1. Also as x — —oo notice that we do not have an indeterminate
form: Rather -
2x +e*) "
lim % = —Oo0
X——00 e N+

Next, use the first and second derivatives to get information about the shape of the
graph.
(2+e%)e" — (2x+x)e¥  (24¢€Y)— (2x+e€¥) 2—-2x

!

f (x) = (ex)z = ox = o =0atx=1.
noon 20— (2—-2x)e*  —2—(2-2x) —4+2x _

f (x) - (ex)z - ox = ox =0atx =2

Evaluate f at key points. f(1) = 25 ~ 1.736 and f(2) = 4?—262 ~ 1.541.
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0.6 Extra Fun: The Indeterminate Forms 1%, 0o°, and 0°

Some of the most interesting limits in elementary calculus have the indeterminate
forms 1%, 00, or 09, All of these indeterminate limit forms arise from functions that
have both a variable base and a variable exponent (power). For example, consider

lim x* Form: 0°
x—0t
1 X
lim (1 + ) Form: 1%
X—+00 x
lim x1/* Form: oo?
X—00

We will use logs and 1’'Hopital’s rule to simplify some of these limit calculations.

General Form. The general form of all of these limits is chlgrbll [f(x)]8™) = y. To

simplify these limits we use the natural log to undo the power. If the eventual limit
is y (which is unknown to us—it’s what we are trying to find, then

y = lim[ ()5,

X—a

We take the natural log of both sides—here [f(x)]8(*) is assumed to be positive.

Iny = In(lim [f(x)}g(x))

X—a

As long as f(x) and g(x) are continuous, we can switch the order of the log and
the limit and use log properties

Iny 2 Jim In([f (x)]8®)

Iny = lim g(x) In(f(x))

X—a

At this stage we typically use 'Hopital’s rule to find the limit, call it L. Then Iny =
L so we must have y = el. Let’s look at some examples.

EXAMPLE o.6.1. Determine li%1+(2x)x. Notice that this is a 0° form.
X—
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Let y = lim (2x)*. We want to find y. Using the log process above,

Solution.
x—0t

Iny = In( lim (2x)%)

x—0+
lnyCglt lim In(2x)*
x—0T
Iny = lim xIn2x
x—0+
In2x
Iny=1i
Y xgg*' 1
X
I'Ho . %
Iny =" lim =5
x—=0T — =

Iny = lim —
ny XL%EF *

Iny =0.

But Iny = 0 implies y = ¢” = 1. So lim (2x)* =y = 1. Wow!

x—0t

. . 1\* . ..
EXAMPLE 0.6.2 (Critical Example). Determine lgn (1 + ;) . Notice that this is a 1*° form.
X—00

1 X
Solution. Lety = xlg%o <1 + x) . We want to find y. Using the log process,

1 X

lnyzln[lim <1+> ]
xX—00 X

Cont ;. 1\*
Iny = limIn(14 =
X—00 x
. 1

Iny = lim xIn (l+>
X—00 X

oy g U
X

I'Ho ;.
Iny = lim ——~~~
paey 1

x2
Iny = lim T
x—o0 ] —+ 3
Iny=1
1 X
ButIny = 1 impliesy = e! = e. So ILHI 1+ x) = y = e. Double Wow!! In fact,
X—00

in some courses you will see that e is defined this way.

EXAMPLE o0.6.3 (Critical Example). Determine lgrl x1/*. Notice that this is a co? form.
X—00
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Solution. Lety = xh_%lo x!/*, We want to find y. Using the log process,
Iny = In lim x!/*
X—00
Iny O Jim nxl/
X—00

Iny = lim 1lr1x
X—00 X
. Inx
Y=

I'Ho ,.
iny " lim ¢

lny:%:O.

But Iny = 0 implies y = ¢’ = 1. So 1i_1>n x1/% =y = 1. Neat!
X—00

2/x

EXAMPLE 0.6.4. Determine lijn (e* 4+ x)*/*. Notice that this is a o’ form again.
X—00

2/x
7

Solution.  As usual let y = limy_,c (e* +x)7" 7, s0

_ . X 2/x

lny-ln}}br{}o(e +x)
an’[ . x 2/x

Iny = x11_r>10101n(e +x)

Iny = lim 2 In(e* + x)

X—00 X
2In(e*
Iny = lim M
X—00
YH e§+1
Iny = lim 26;’(
X— 00
T+1
Iny = lim 26 i

x—o0 X 4+ x
X

iny "™ lim 255

, X
Iny Ho Jim 28

But Iny = 2 implies y = 2. So lim (e +x)** =2
X—r 00

EXAMPLE 0.6.5. Determine lin21+ [5(x — 2)]* 2. Notice that this is a 0° form.
xX—

Solution. Lety = lir?+ [5(x —2)]* 2. We want to find y. Using the log process
X—
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above,

Iny = In( lim [5(x —2)]*~2

x—2+t

Iny 2" lim In[5(x — 2)]* 2
x—2+

Iny = lim+(x —2)In[5(x — 2)]

x—2
Iny = lim 7[5(361—2)]
x—2+ —=
x—2
I'Ho ,. %
Iny = lim ——
x—27F ey
Iny = lim —5(x—2
ny = g ool
Iny = 0.

But Iny = 0 implies y = ¢’ = 1. So lir£1+[5(x —2)]*72 = y = 1. This is becoming
x—
routine.

YOU TRY IT 0.3. Here’s a great problem to see if you have mastered these ideas. Determine

Determine lim [sin(x)]*.
x—0F

*901M} 9N S,[e3tdQE],[ 95 JUIE T "€°0 LI A¥L NOX OL YAMSNV

0.7 Indeterminate Form oo — oo

This situation arises when both f(x) and g(x) are functions going to infinity as

x — a. Since the functions can approach infinity at very different rates, we cannot
say for sure what such a limit will be—and we certainly cannot conclude that the
limit is 0! Some examples will illustrate this.

4 . .
EXAMPLE o.7.1. Determine lim — — ——. Notice both terms are going to +oo as
=1t x2—1 x—1

x — 17 since the denominators in each are going to 0.

Solution.  For this first one we begin by using a common denominator and then
use 'Hopital’s rule. (Do you see why 1'Hopital’s rule applies?)

lim 4 2 _ 4-2(x+1) I'Ho 1,

-2 -2
— m =
o1+ x2—1 x—1 51+ x2-1

— =—=-1L
x—>nl’14r 2x 2
That was easy.

EXAMPLE o.7.2. Determine lijn In(6x + 1) — In(2x + 7). Notice both terms are going to +oo
X—00
as x — oo.

Solution.  For this first one we begin by using a common log property then
switch the limit and the log (continuity) and then use 'Hopital’s rule. (Check
that ’'Hopital’s rule applies at the appropriate time.)

_ , 6x+1\ . [ 6x+1\rHo, . 6
xlgrololn(6x+l) —In(2x+7) = xlgr(}oln (2x+7) =In (xlgr;o 2x+7) = lnxlgr;of
=1In3.

Not bad.

lhopital. tex

LIMITS: L’'HOPITAL'S RULE 8

Version: Mitchell-2015/11/01.10:25:04


lhopital.tex

MATH 131, PREREQUISITES LIMITS: L'HOPITAL'S RULE 9

4
EXAMPLE o0.7.3. Determine lim — — ——
73 =1t Inx  x—1

since the denominators in each are going to ot.

. Notice both terms are going to 400 as x — 1+

Solution.  For this first one we begin by using a common denominator and then
use I"'Hopital’s rule. (Check 1'Hopital’s rule applies when used.)

4 4 . 4(x—1)—4lnx rno 412
m ———=lim — — "= lim ———*
=1+ Inx  x—1 51+ (x—1)Inx r—=1* Inx + 21
4x—4
—_ 1 X
- xlil’%r xlnx+x—1
X
4x — 4
= lim —M
=1+ xInx+x—1
I'Ho ;. 4
= lim ——M—
x—1+ lnx-l-%—l-l
_ 4
S 0+1+1
=2.

That was not so easy.

1 Vx—2
EXAMPLE 0.7.4. Determine lim —— —
74 o329 29

x — 37 since the denominators in each are going to 0.

. Notice both terms are going to +co as

Solution. The common denominator this time is obvious. Eventually use I'Hopital’s
rule. (Check I’'Hopital’s rule applies when used.)

. 1 Vx—2 . 1—+vVx—271Ho ,. Ny _% 1
lim — :hmi9 = hmiz? 13

x=3+x2 -9  x2-9 o3+ K2 - X3+ 2x

EXAMPLE 0.7.5. Determine lim 21In(x + 1) — In(2x? 4 7). Notice both terms are going to +oco
X—00
as x — oo.

Solution.  For this first one we begin by using two log properties then switch the
limit and the log (continuity) and then use 1’'Hopital’s rule. (Check that 1'Hopital’s
rule applies at the appropriate time.)

lim 2In(x +1) — In(2x* + 7) = lim In(x 4+ 1)* — In(2x* 4 7)

X—00 X—00

= li_I)l’l In(x® +2x +1) — In(2x* +7)
X—00

) x2+2x+1
=lmn(—s——7—

X—00 2x2 +7
i (g 2L
- x—o0 2x2 47
1'Ho . 2x + 2

= In lim
x—oo 4x
1o In lim -
X— 00
1
=In-—-.
&)
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0.8 Problems

1. Some interesting limits. Answers not in order: o, o, o, %, In4, 1,1, 2, €2, ek, +00, —00, and

—6,
cos4x — cos2x eX—1—x
lim ————— li lim 2x1
@ xlg}) x2 ®) xlg}) x2 © xg{)l* T
. 0 . CosX . B
(d) xlglgox e (e) xlg& 2 ) xlglgo[ln(4x+9) In(x 4+ 7)]
. x . 1/x N K\
O umer 0 g0 0 ()
arctan 4x sin4x ¥2+1
) lim ——— k) li ) li
) ylclg(l) sin 2x ®) xlg}) 3secx 0 xgll1+ 1—x

2

(m) lim (%)x

x—0*
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0.9 Solutions

1. Make sure to check those stages at which 1"'Hopital’s rule applies.

. cos4x —cos2x I'Ho ,. —4sin4dx42sin2x 1Ho ,. —16cos4x +4cos?2x
(@) lim —————— = lim = lim =
x—0 x2 x—0 2x x—0 2
-16+4 6
() lim & L% Ho @ LHey, o 1
x—0 x2 - x—=0 2x - x—0 2 -
. 2 2
(¢) lim 2xInx = lim 21&120 lim %~ = lim - lim —2x =0.
x—0" x—0* X x—0" -2 x—07" X x—0"
2
’ 2x v 2
@ lim 2% = lim = "2 lim X "H0 i 2 — 0 e, — 2)
X—r00 x—o0 eX x—oo X x—vo0 X b
. CosXx 1 A et 1
(e xlg& -z 7o +oco. 'Hopital’s rule does not apply.
. L dx +9Y\ . 4x+9\1Ho, . 4
) J(11_1>1301r1(4x—|-9) —In(x+7) —xh_rgoln < x—|—7) —hl(xh_r}(}o x+7) = lnxh_r}goi

=1In4.
(g) Lety = lir61+(3x)". We want to find y. Using the log process,
xX—

In = In( lim (3x)¥)

x—0F

Iny ot fim In(3x)*

x—0+

Iny = lim xIn3x
x—0F

Iny = lim In3x
y_xﬁOJr 1
X
, 3
lnylgo lim 3%
x—07F -2
Iny = lim —
y=fim
Iny =0.

But Iny = 0 implies y = ¢’ = 1. So lim (3x)* =y = 1.

x—0*

nqoon, _ : 1/3(
(h) "1°": Lety = xli,%h (1+2x)""", s0

Iny =1In lim (1+2x)"*
x—0*

Cont

Iny "2 lim In (1+2x)Y*

x—0*

1
Iny = lim —In(1+2
nY =l (20
In(1+ 2x)

x—0t X

But Iny = 2 implies y = ¢. So lim (1 +2x)"/% = ¢,

x—0*

() "1°" Lety = lim (1+kx)/*, so
x—0*
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Iny =1In lim (1+kx)!/*
x—0t

Iny 2 lim In (1 + kx)'/*

x—0t

Iny = lim 1ln(l + kx)

x—0+t X
In(1+k
Iny = lim In(1 + kx)
x—07" X

Ho ;. 1+kx
Iny =1
B
k
Iny =k
But Iny = k implies y = k. So lim (1+ kx)l/x =
x—0"
arctan4x 1'H T 4
i Ho yipy 1H1622 _ T _ o
(]) xlg}J sin 2x x—02cos2x 2
in4
(k) ;lclg}) ;lsr;cfc = g = 0. 'Hopital’s rule does not apply.
2
() lim s — % : —oo. ’'Hoépital’s rule does not apply.
x—1t 1—x 0

2

(m) "oo%": Let y = lim (1>x , SO

x—0+ \ ¥

2

Iny =1In lim (%)x

x—0F
Cont ;. 1 x
Iny = Xl;n()lln(x)
Iny = lim ¥*In(1
ny = Jim 2 n(z)
Iny = lim —llnx
x—=0t =
X
Iny "2 lim 7%
y x—0+ 7%
P
3
x
Iny = lim —
I 2
Iny= lim ©
ny = lim o
Iny =0.

xZ
Butlny = 0impliesy = 1. Soy = lim (l> =1.

x—0+t \ ¥
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