Math 131 Lab 14: Series

1. Determine whether these arguments are correct. If not, correct them.

a)

b)

o0

Determine whether Z

n=1

(—=1)"(2n* + 1)

6n9 12 converges absolutely, conditionally, or diverges. ARGUMENT: Use the
n

4
. . . _ opti .- A . - 2n* +1 HPwrs
alternating series test with a, = 629” > 0. Check the two conditions: (i): nh—EI;oa” = nh—mom =

lim — = lim — = 0.v/(ii): Decreasing? Take the derivative! (You can’t just say the bottom gets bigger since
n—o0 619 n—oo 6n°

the top gets bigger, too!) f(z) = éizié

SO

3(G79 (94 8  _@0rl2 _ 548 3
Flz) = 8x°(6x” + 2) — (2z* + 1)54x _ —60z 54x° + 162 <0
(629 +1)2 (629 +1)2

so f(z) and a, are decreasing.v'So by the Alternating Series Test the series converges conditionally.
= (—1)"(2n + 1

Determine whether Z M
= 6n + 2

(=1)™(2n + 1)’ _ i 2n41 2t e 20

1
6n 12 > P n—>006'n, 3 nlggoGTL =3 So the series converges absolutely.

converges absolutely, conditionally, or diverges. ARGUMENT: Notice

o0

>

n=1

n

oo
x
Determine the radius and interval of convergence for the power series E 1 ARGUMENT: We know that
n
n=0

the series converges at its center a = 0. For any = # 0
antt 3n?+1

3n?+1
im : = lim
n—oo [3(n+1)2 41 " n—r00

lim M - .
3n? +6n+4

n—oo | A,

HPwrs .
= = lim

n—oo

cx| = |z|.

3n?
3n?

By the ratio test, the series converges if |x| < 1 and diverges when |z| > 1. The radius of convergence is

1
R = 1. Check the endpoints a — R =0—-1=—-landa+ R =0+1=1. For x = 1: We get E m
1
Since 0 < 3n2 ) % and since E — converges (p-series, p = 2 > 1), then by direct comparison 75 21
-1 -1 = 1
converges. For x = —1: We get E 3 5 3_ 1 3(n2 l . ’ = nE:O FrUNY converges.

oo
1 n
Hence, Z 3( 3 l 1 converges by the absolute convergence test. The interval of convergence is [—1, 1] and includes

both endpomts

2. Determine whether these series converge absolutely, conditionally, or not at all. (Hint: For a couple of these consider
the Ratio Test Extension for absolute convergence/divergence)

"(2n+1) ) n2"
a) Z 3n2+2 b) Z 3n+1

3. Find the radius R and interval of convergence for each of these series. Remember the endpoints.

I
n=1 n=1
= (z—4)" n(x —1)" =, nlz™
d) HZ:O n+1 e) ; 32n £) n;l (2n)!

2x

4. a) Find the Taylor polynomial py(z) for the function f(z) = e 2* centered at a = 0.

b)
)

5. Find the radius of convergence R for Z

What is formula for the infinite degree Taylor polynomial p.,(z). Express your answer as a series.
What is the radius of convergence of this series for peo(z)?

0 n e L
and (Bonus!) for Z

n=1

nle
n:11~3-5-~-(2n+1)

n!



Brief Answers

p—

. a) Wrong. (b) Wrong. (c) Correct. This is a model of how I want your answers in #3 to be!

2. Conditional, Absolute, Diverge.

3. Lots of justification (words) required!

a) [—1/2,1/2] b) {0} c) (-3,3) d) [3,5) e) (—8,10) f) (—o0,00)
4. a) py(z) =1- 2w+ 22% — 32° + 2a*.
- (=2 4
b) poo(z) =) s
k=0

c) The interval of convergence is (—oo, 00).

5. a) R=2.

Background
o0

1. Power Series. For a power series Z an(x — a)™ centered at a, precisely one of the following is true.
n=0

a) The series converges only at z = a.
b) There is a real number R > 0 so that the series converges absolutely for |z — a| < R and diverges for |z — a| > R.
¢) The series converges for all .

NOTE: In case (b) the power series may converge at both endpoints, either endpoint, or neither endpoint.
You have to check the convergence at the endpoints separately. Here’s what the intervals of convergence can

look like:
Case1: R=0 .
a
Case 2: R#0, oo ( . \ I . \
a-R a a ql R a—R a a qé R
(a — R,a+ R) [a—R,a+ R)
( . ] [ . ]
a— R a a Aﬁ R a—R a a Aﬁ R
(a — R,a+ R] [a — R,a+ R]
Case 3: R=
a
= a
2. The Ratio Test Extension. Assume that Z a, is a series with non-zero terms and let » = lim ntl|
n—roo an
n=1

1. If » < 1, then the series > a, converges absolutely.
2. If r > 1 (including oo), then the series ) a,, diverges.

3. If r = 1, then the test is inconclusive. The series may converge or diverge.

oo
3. The Alternating Series Test. Assume a,, > 0. The alternating series Z(fl)”an converges if the follow two
n=1
conditions hold:

a) lim a, =0
n—0o0

b) ant1 < a, for all n (ie., a, is decreasing which can also be tested by showing f'(x) < 0).

oo o0
4. Absolute Convergence Test. If the series Z |an| converges, then so does the series Z G-

n=1 n=1



Lab 14 Answers

1. a)

b)

b)

Wrong. The student never checked for absolute convergence. ARGUMENT: First we check absolute convergence.

oo o

—1)"(2n* +1 ant+1
E M = E not Notice that 2"9“ ~ L. So let’s use the limit comparison test. The terms
— 6n9 + 2 — 6n% +2° 2

of the series are positive and

. ap . on?t +1 n® . 2n + n® HPwrs ;. 2n? 1
lm —=lim —F—— - —=lm ———— =" lim — = —-.

(=)™ (2n* +1)

converges by the limit comparison
6nd + 2 ges by P

oo
Since >°07, # converges (p-series with p =5 > 1), then Z

n=1

test. So the series converges absolutely.

Wrong. Puleeze never do this! You might start with the alternating series test with a,, = 2”“ # 0. Check the

2 1 2 1
two conditions (i): hm 0 ay = hm nt g 2 _ 2 So the series diverges by the nth term test (not the

alternating series test). It’s the nth term test.

Correct. This is what I want your answers in #3 to be!

> (D Endl)  The series is similar to 3% | 1, so it probably will not converge absolutely. ARGUMENT: Use

n=1 3n2+2 n=1n A 1
. . . _ op+1 - AN n+ HPwrs
the alternating series test with a, = 3555 > 0. Check the two conditions: (i): hm 0 an = lggom il
2n
lim — = lim — = 0.v/(ii): Decreasing? Take the derivative. (You can’t just say the bottom gets bigger since

n~>oo3n2 n—oo 3N
the top gets bigger, too!) f(z) = 754 so

2322 4+2) — (22 +1)6x  —62% — 62° +4

") = = <0V >1
@) (322 + 2)?2 (322 1 2)?2 (=21)
so f(z) and a,, are decreasing. By the Alternating Series Test the series converges Now check absolute convergence.
e 13):2(17;“)‘ =Yl ath. Compare to Y7 ) +. Notice both = > 0 and 2445 > 0. Then
I an, i 2n+1 n lim on?+n HPwrs i 2n? 2 >0
im-—=1lim-——-—=lim-———+ = lim-— = .

Since >~ 7 —07 L diverges by the p-series test (p = 1), then by the limit comparison test S o 32"2':11 also diverges.

So the series is conditionally convergent.

S % Because of the nth powers, try the ratio test first (testing for absolute convergence) with a,, =

77%:1
=2 o
—1)ntt 1)2n+t 3n+l 2 1 2 2
T = P T il G o e i |20 D) e e 20 2
n—0o0 | Ay n—00 3”+2 (—1)"77,2" n—o00 3n n—00 3N 3
By the ratio test the series converges absolutely.
> # Because of the nth power and factorial, try the ratio test first (testing for absolute convergence)
with a,, = 3)n #0.
nr (=3)» 1
tim |2tL] = gy | DL L sy
n—00 | Gy n—o0 (—3)"+1 n! n—o00

By the ratio test the series diverges.



ca) Yy (2;;)”

b)

d)

. ARGUMENT: The series converges at its center a = 0. Apply the ratio test. For any = # 0

n=0
A 2 n+1 2 22 2 2
lim |22 = lim L L = lim LU im v . HEZwrs lim . 2z| = 2|z|.
n— oo " n— o0 (n + 1)2 (Qx)” n— o0 (n + 1)2 n—oo N2 +2n+1 n—oo | N2

By the ratio test, the series converges if 2|z| < 1 <= |z| < 3 and diverges when |z| > 1. The radius of

convergence is R = 3. Check the endpoints —% and 3? For 2 = 1: We get

o~ 2G)" - 1
Z n2 :Zﬁ

n=0 n=0

which converges by the p-series test (p =2 > 1). For z = —%: We get

o 2(=3)" - (="

But this series converges absolutely (we just did it). The interval of convergence is [—%, %]

oo

—1)plze™
Z 7( l n . ARGUMENT: The series converges at its center a = 0. Apply the ratio test. For any z # 0
n
n=0
A —1)nt+t lgntt 4 1
T ECUIES ) P Gt ) N D L i ) = 0 > 1.

By the ratio test, the series diverges when |z| > 0. The radius of convergence is R = 0. The series only converges
at z =0.
n .2n

o0

—-1)"x
Z % The series converges at its center a = 0. Apply the ratio test. For any x # 0
n=0

.272

9

Ap
lim +1

n—oo

= lim
n—oo

= lim
n—oo

(_1)n+1x2(n+1) gn
’ gn+1 ’ (—1)na2n

n

By the ratio test, the series converges if |%2\ <1 < [2?| <9 < |z| < 3 and diverges when |z| > 3. The
radius of convergence is R = 3. Check the endpointsa — R=0—-3= -3 anda+ R=0+3=3. For z = 3: We

get
> (_1)n32n &0
S U Sy
n=0 n=0
which diverges by the geometric series test (|r| = 1). The same is true for x = —3: Again we get
oo oo
(=1 (=3)*" n
> g =2
n=0 n=0

The interval of convergence is (—3, 3).

o0 P
Tz —4)"

E % ARGUMENT: The series converges at its center a = 4. Apply the ratio test. For any x # 4
n

n=1

n -+ 2
n+1

(x —4)"t n+1
n+ 2 (x —4)»

An+1
Ap

HPwrs

(x — )

lim
n—oo

n
I ‘f- —4’= — 4.
im |- (x ) | |

= l1m
n—oo n—00 n—00

By the ratio test, the series converges if |z — 4| < 1 and diverges when |z — 4] > 1. The radius of convergence is
R = 1. Check the endpoints: a —R=4—1=3anda+ R=4+1=05. For x = 3: We get

n

— (1)
nz:%n—kl

S



Use the alternating series test with a,, = %ﬂ # 0. Check the two conditions. (1) lim %H = 0vand (2) apt1 < an
n—o0

since n—+2 < n—_H (decreasing).v'So the series converges at = 3 by the alternating series test. For z = 5: We get
o0
n=0
Use the limit comparison test with > (1.
a 1 n
lim - = lim Lo sy

n—oc0 by, n—oon +1 1

Since Y7 o+ dlverges by the p-series test (p = 1), then by the limit comparison test > -
The interval of convergence is [3,5).

0 +1 also diverges.

(x — 1
e) Z . The series converges at its center a = 1. Apply the ratio test. For any = # 1

. An+1 BT (TL + 1)(1; - 1)n+1 32n . n+1 HPwrs . n T = 1
dm S = i | e @0 i [ @] =
By the ratio test, the series converges if ’ =-1) ’ <1 < |z —1| <9 and diverges when |x — 1| > 9. The radius
of convergence is R = 9. What about the endpomts a—R=1-9=-8anda+ R=1+9 =107 For z = —8:
We get

(1+8) = )"
I T W
n=1 n=1 n=1
But lim (—1)"n DNE, so by the nth term test the series diverges. For z = 10: We get
n—oo

[e )

z:: 10—1 :i

and so the series diverges by the nth term test again. The interval of convergence is (—8, 10).

!
f) gx)' The series converges at its center a = 0. Apply the ratio test. For any = # 0
n
n=1
.| Anga .|+t (2n)! ) n+1 _
1 -1 . = sz =1 x| =0<1.
nlﬁoo ‘ A, ngrolo (2n + 2)! nlzn nggo (2n+1)(2n+2) * ngréo 4n + 2 x

By the ratio test, the series for all  The interval of convergence is (—o0, 00).

—2z centered at a = 0.

4. a) Find the Taylor polynomial ps(z) for the function f(z) =e
b) What is formula for the infinite degree Taylor polynomial p..(x). Express your answer as a series.

¢) What is the radius of convergence of this series for py(z)?

5. a) The formula for p,(z) with center a = 0 is given by

" " (n)
po@) = 10)+ 70 (2~ 0)+ TV w02 e T gy SO0 gy
So we need to calculate the derivatives of f(x) = ¢~2* and then evaluate them at 0. Well,
fla)=e72" f0)=1=(-2)°

fl@) = —2¢72 f0)=-2=(-2)"
f'(z) = (=2)%7*" £7(0) = (-2)
f(z) = (=2)%e7* £1(0) = (-2)°
f(z) = (=2)te™™ £1(0) = (-2)*

fP(2) = (=2)Fe?" F®0) = (-2)*



4 5 16 4 2
pa(z) =1—2(x —0) + 2—(%—0)2 - 3§(x—0)3+ E(xfo)‘l) =1-—2z+ 22 — §x3+ §x4.

O (_o\k
b) poo(x)zz( 2) z*.

k!
k=0

oo
—9)k
c) Z (=2) x¥. The series converges at its center a = 0. Apply the ratio test. For any x # 0

|
= K
Apia (—2)ntigntl n! .
li =l . =1 ‘x| =0<1.
oo | A, nl_fréo‘ (n+t1)!  (—2)man| noeo|nt+l
By the ratio test, the series for all  The interval of convergence is (—00, 00).
6. a) >0, % Use the ratio test.
A 1)tz t 1-3-5---(2n+1 1 wrs
lim | =2 = lim (n+ Dtz . (2n+1) = lim M M2 i |22 = fim ‘f‘
n—oo | A, n—oo|1-3-5---(2n+ 3) nlan n—oo| 2n+ 3 n—=oo | 2nl  n—ool2

By the ratio test, the series converges if |3| <1 <= |z| < 2 and diverges when |z| > 2. The radius of convergence
is R=2.

b) S0 22" Use the ratio test.

n!

(TL+ 1)n+1xn+1 n!
(n+1)! gt

n+1

Ant1 lim (n+ 1)z
n—o00 (n —+ l)n”
1 n

_ i | D

n— oo nm

= lim -x| =
n— o0 n

By the ratio test, the series converges if lex| <1 <= |z| < 1. The radius of convergence is R = 1.

= lim
n—oo

lim
n—oo

3




