Math 131 Lab 09

We have nearly completed our “techniques” of integration phase of the course. These problems primarily review triangle
substitution and partial fractions, but other techniques are also used. Do the problems with s first; come back to the
others later or after lab.

0. Reference: Key Identities. Double angle and reduction formulee.

a) sin(20) = 2sinfcosd b) /sec vdr = Losec" ?ztana + 2=2 [sec" 2z da

1
1. = Determine / ——— dx. Use triangles. If (when) you get stuck with the integration, go back and switch
N g (when) you g g g

the z-side of the triangle. This is one of those few cases where the other choice is better.

2. = the right triangle associated with each of these square roots and label the sides. For each, solve for u, du, and the

given square root in terms of an angle 6.
a) Vu?—a? b) Va? —u? c) Vu?+a?

3. Determine these integrals. Caution: A variety of techniques are required. Where necessary, make use of the triangles

that you just drew.

vaz -1 1 1
a) = /7x dx b) /(36—1—;102)3/2 dx c) /7:52 r_4dm
3

d) = /xﬂdm

f) @/ﬁdm

4. Try these rational function integrals.

x4+ 7 2z 8x — 2

a) 'g/xuzx deb) /mdm ©) @/xsﬂa da
r+4 z+1

d) @/x2+8x+2dx °) /1274d

5. Evaluate these definite integrals.
1/2 72 1 3
——dx b ——dz
o V1-—a? ) o 1+a2

6 KA\ ww Find the area of the ellipse iz +4 =1

I T ) _b
—a. a Hint: Find the area of the upper semi-ellipse. y = 2va? — 2.

a) =

7. This is similar to an extra credit problem on WeBWorK from Monday.
a) Determine [ sec®zdz by reduction.
b) == Find the arc length of the parabola y = f(z) = 3 4+ 222 on the interval [0, /3].

s> and the z-axis on the interval [0,2]. Use partial

8. a) Find the area of the region R between the curve y = e

fractions.

b) Extra Credit. Hand in by Friday at class. Now suppose that R is rotated around the y-axis. Find the resulting
volume by the shell method.

9. = For this octet of problems, just decide which technique is most appropriate and give the initial step to do the
integration. (E.g., give the substitution or parts. etc.)

a) /\/%dx b) /ﬁd@« c) /4_476& d) /ﬁdw

4 4x 43 rz—1
O [rme 0 [ o [ipd W [




Some Answers
Caution: Watch for typos. First to find a particular mistake gets Extra Credit.
=
1. -5 +c
2. a) In this case, u must correspond to the hypotenuse of the right triangle. (Why?) We have our choice of how to

label the legs, one side a and the other vu? — a?. With the selection made below, u = asec. What would u
equal if we had let a be the side opposite 07

u = asecf
U w2 — a2 du = asecftan6 do

Vvu? —a? =atanf

a

b) In this case, a must correspond to the hypotenuse of the right triangle. (Why?) We have a choice of how to label

the legs, one side va? — u2 and the other u. With the selection made below, u = asin#, which is simpler than
the other choice.

u = asin @
a u du = acos db

va? —u? =acosf

a2 — u?

c¢) Why must va? + «? must correspond to the hypotenuse of the right triangle? Why choose the u and a sides as
follows rather than reverse their positions?

u = atanf

Vu? + a2 m du = asec? 0 db
VvVu? +a? = asecl

3. All answers are “+¢”

x
a) Va2 —1—arctan(v/z22 —1 b) —
) ( ) ) 36136 + x2

x2—4
C) T d) 7%(471'2)3/2
2
e) ln’2+x f) —4VA—22 + 14— 2232 or — La2V4 — 22 — §V4 — 22
-z
4. All “+¢”.
a) 2Injz — 1| —In|z + 3| b) —2In2—z|— 3In|4+ x|
¢) In|z| —3In|z+2|+2In|z — 1| d) iIn|z?+ 8z +2| e) 3lnjz—2[+ tinjz+2|
5. a) %—g
b) 1-In2
2
6. mab
7. a) i[secztanz + In|secx + tanz|] + ¢ b) IV3+iln|7T+4V3|+¢

s. a) Area=1(In4+In3—-In2)=1In2+ 13

9. a) u-sub: u=4—z. (b) Easiest: u-sub: u = 4 —22. Harder: Triangle with = 2sin . (c) Easiest: Partial fractions:
% + 2_%. Harder: Triangle with z = 2sin . (d) Easiest: arcsin g. Silly: Triangle with 2 = 2sin@. (e) Triangle
with z = 2tan . (f) u-sub: v = 4 — 2. Harder: Partial fractions: % + 2%. Harder: Triangle with = 2sin6.
(g) Triangle with x = 2sin . (h) Partial fractions: %_;_1 + %. Harder: Triangle with z = 2sin6.



Math 131 Lab 09: Answers

1 3x:cos0:>x:%cos€
A VI—922  de=—1singdo
L V1 —922 =sinf and 922 = cos? 6
3z

_lging 1 V1 — 92
/ Sm :—g/sec20d9——ftan0+c——7x+c

0052 0 sin 6 9z

1
/ 9221 — 91‘2
3. Where appropriate, use the triangles in #2 to help with the setup. All “+¢.”

tan 0
a) :/ ana sec@tan@dﬂz/tanzﬁdﬂz/(secQOfl)dG:tanéfH:\/folfarctan( x2—1)
sec

1 1 1 .

b) = | ———6sec?0df = — 0d) — — sinf— — L
) / 6 sectf 36/ o 36" T 36136 1 22

- . =[1 _lanpg_ Va1
c) —/486C292tan928609tan9d9—/40056‘d9—4sm9_ =

1 1
d) Substitution is easiest: u = 4 — 2% and du = —2x dx. So —5 /u1/2 du = —§u3/2 = —%(4 —a?)3/2,

In |2+ z|
|2 —z|

4 1 1 1
e) Partial fractions: = + . So / - 4
r 2+ 2—z

1
il v +mdx— In2—z|+Inj2+z| =

0 ;
f) :/8251n 92 cos 9d0—/851n39d9:8/(17c0829)sin0d9:8/sin97(30529$in6’d0:f8cosﬁ+§cos39:
cos

—4 4—952—1—3(4 2%)%/2. Or using reduction = [ 8sin® 0do = 8[—1 sin® 6 cos 0+ 2 [ sinfdf] = 8[—1 sin” 6 cos 6 —
2cosl] = —a?V4 —a? — 54 — a2

x+7 A B 2 1 2 1
4. = = - = [ — - dr =21 -1/ -1 3 .
a) (z —1)(x+3) x—1+x—|—3 x—1 x+3 /x—l z+3 njz—1f—Inlz+3|+c
2 A B 2/3  4/3 2/3  4/3 , y
b = = - = - dr=—2In|2—z| - 4lnl4
) (2—2))(4+x) 2—x+4+x 2—2 x+4 /2_3; 112" sn2—zf— 34 +a|+c
o) 8 — 2 A+ B + C 1+ 2 3 /1+ 2 3 d
_—_—m —_— ] — — — X
zz—-1(x+2) =z z-1 z4+2 2 =x—-1 =xz+2 x x—-1 x+42

=Inlz|+2Injx — 1| —3In|z + 2| +c.

d) Substitution: u =22 + 8z +2, du =2z +8dr. So=1 [Ldu=LiInjul=LiIn|z?+8z+2[+c.

1 A B 3/4 1/4 3/4 1/4
o+ ARV T

°) (fo)(x+2):1:f2+x72:x—2 x4+ 2 x—2 x+2

de=3In|z—2|+ iInjz+2[+c

5. Where appropriate, use the triangles in #1 to help with the setup.
a) Triangle. z =sinfsoz=0=60=0,andz=35=0=172

T . 9 =
0 i
/6 S 20050d9:/sin29d0:/%—%cos29d0: 16 — 1 sin(20) R —ﬁ
o cosf 0 12 8
b) wu-substitution. u=t+4, du=dt t? = (u—4)?>. z=0=>u=4,andz=5=u=09.
% u? —8u+16 ’
/ 17/2@:/ w2 —8ut?416u~Y2 du = §u5/27%u3/2+32u1/2‘4 (456 _144+96]—[&2 — 128 1 64] = 226
4 u 4
™/t tan30
c) z=tan0, dv =sec’0, V1 + 12 =sec, v =0 =0 =0, andz=1=0=17. So/ ez ¢ 0do =
0

/4 /4
/ tan® 6 df = /tane(sec29 —1)df = /tanesec29 —tandf = L tan® @ — In|secd|
0 0



= [3(1) = V3~ (0-0) =} ~In2"/? = 12,

_ _ 9.2 _ .3 Lol &
u =arctanx dv=3z°dr | ==x arctan:c|0 fo Tr a2 dz

d) Parts:
du =

ﬁ dz v =2z using part (c¢) = (5 —0) — 1—%11 =z !

Ly=by/1-% =) “2_””2 = gx/a2 — z2. Use a triangle substitution. z = asiné, so r = —a = asinf = 0 = —7/2
andx:a:asm0:>9:7r/2

/2 b /2 /2
/ —Va? —x2dr = / —2(a?cos? ) df / ab[ + 1 cos20) df = ab[16 + 1 sin(26)]

—m/2 a —m/2 —m/2

So the area of the ellipse is mab.

. a) /sec3:17d9:: 1secatanz + 1 [sec” zdx = i[secftanz + In|secx + tanz|] + ¢

b) Use triangles. f/(x) = 4z so AL = fo V1+ 1632 dx = [ §sec®6df. Using part (a)

\/1—|—16x2"
4z
AL = {[sec@tan6 + In|secf + tan 0|] = $[4aVv/1 + 1622) + In|V1 + 1622 + 433|H[\)/g

1

= §[4V3- T+ |7+ 4V3 - 0] = V3 + § In|7+4V3|.

2
1 1
. a) Partial fractions: A = / ——dzr = / /5 /5 de=i[-In|3— x|+ln\2+x|‘ tn4+In3—In2]
6—|—x—x2 0 3— 24
2 2
3/5 2/5
b) Partial fractions: V:Qﬂ'/ %dm:%’/ / 2/5 dr = 2 [-31In[3—z|— 2ln|2—|—:c\‘ —2In4+
Jo 64+x—2x 0 3—x 2+x

3In3+2n2] =% I3 - 2 In2. (Useln4 =2In2.)

. a) usub: u=4-—uz.

b) Easiest: u-sub: u = 4 — z2. Harder: Triangle with z = 2sin 6.

c) Easiest: Partial fractions: ﬁ + 2%0. Harder: Triangle with z = 2sin6.

d) Easiest: arcsin . Silly: Triangle with 2 = 2sin6.

e) Triangle with z = 2tan#.

f) w-sub: u =4 — 22, Harder: Partial fractions: Q%w + %. Harder: Triangle with z = 2sin6.
g) Triangle with z = 25in0

h) Partial fractions: —£5 + m Harder: Triangle with x = 2sin 6.



