Rational Functions and Partial Fractions

Our final integration technique deals with the class of functions known as rational
functions. Recall from Calculus I that

DEFINITION 7.1. A rational function® is a function that is the ratio of two polynomials ' Here ‘rational’ means ‘ratio’, as in ‘the
ratio of two polynomials.”
X
rx) = P
q(x)

where p(x) and g(x) are polynomials. (Remember a polynomial has the form
p(x) = anx" + ay_1x" 1+ apx +ag,

where the a; are real constants and 7 is a non-negative integer and is called the degree of the
polynomial.)

Here are several examples of rational functions; identify the polynomials p(x)

and g(x).
o r(x) = P +7
- 3x5 4+ 7x
2x3 —9x + 1
* 5(x) = ———
x
1
o { = —_—
(x) x24+1
e r(x) = 3x 24 2x + 1 is also rational because it can be written as a ratio of two
polynomials -
3 2x° 4+ x“+3
=S+2x+1=———.
r(x) 2 +2x+ 2

A couple of non-examples include
x3/2

* )= 3x +7x
a non-negative integer.

3/2

because the term x°/~ is not a polynomial since the power is not

* s(x) =

tion.

sin(x? +1) . . . . .
—, not a polynomial since it contains a trigonometric func-

Remember from Calculus I that rational functions are continuous and differen-
tiable at all points in their domains, i.e., at all points where the denominator is not
0.

Our main concern in this chapter is to determine when such rational functions
can be integrated. From our earlier work, we know that any interval on which a
rational function is continuous it is also integrable. But, how do we actually find
an antiderivative for the function? For instance, to check that you can integrate
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1 3x2 -1 1
/ o2 dx, / 1 sz dx, / xJ; — dx, and / T« dx. But what about very sim-

2x+1 4

R ) i
g dx or / i dx? Why are these integrals
not so easy to do? Over the next few sections, we examine a series of special cases

of rational functions that we will see are relatively easy to integrate using a tech-
nique known as partial fractions.

ilar looking functions such as /

7.1 Special Cases: Linear Factors with Degree p(x) < q(x)

There are several techniques that can be used integrate rational functions. We will
concentrate on a single technique and a couple of simple variations that work with
rational functions of a particular type.

Assume we have a rational function of the form

-2

4

where degree of p(x) < degree of g(x) and g(x) can be factored into linear factors
(factors of degree 1). Some examples include

x4l 2x+1 = 2x+1 where all the factors in the denominator

¥—x  x(x2-1) x(x—1)(x+1)
are linear and different and degree p(x) = 1 and degree g(x) = 3.

4 4 . . .
. = ; the two factors in the denominator are linear and

4 — x? (2—x)(2+x)
different and degree of p(x) < degree of g(x).

. x26_x 2_x 2_ 3= e 6§)Zx2+ 0 where all the factors in the denominator are linear
and different and degree of p(x) < degree of g(x).

x+4 x+4
. * 5 = + ; the three factors in the denominator are linear and
x3+x x-x(x+1)

degree of p(x) < degree of q(x).

On the other hand the rational function

2+1 2 +1
B+x x(x2+1)

does not satisfy our criterion above because the denominator contains a factor of
degree 2, in particular, x> + 1 cannot be written as a product of linear factors.
We will use a technique called partial fractions to integrate the special rational

functions above.? 2 Partial fractions can be used to inte-
grate other types of rational functions.

Your text has further examples.

The Key to Partial Fractions

Let’s look at a couple of ordinary fractions and how they can be rewritten in ‘sim-
pler” terms. Notice

1 1 1

20415
or

10 1 1

2377

2
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In each case the original fraction has been rewritten in terms of simpler component
fractions. The idea is to do the same for rational functions. For example, can we

write
4 as A n B
4 —x2 2—x 2+4x

where 2 — x and 2 + x are the linear factors of 4 — x2? If we could, then putting the
two simpler pieces back over a common denominator would give us

4 A B 2A+Ax+2B—Bx (A—B)x+ (2A+2B)

4—x2_2—x+2+x_ 4— x2 o 4— x2

. (7.7)

The first and last rational functions in (7.1) are equal and have the same denomi-
nator. The only way that this can happen is if the numerators are also the same. So
(7.1) means

4= (A-B)x+ (2A+2B). (7.2)

But (7.2) is true if and only if the x-terms on each side are equal and the constants
on each side are equal. Since there are no x’s on the left side and A — B on the
right, we must have

xs: 0=A-B. (7.3)

Comparing the constant terms in the same way we have
constants : 4 =2A + 2B. (7.4)
From (7.3) we see that A = B and using this in (7.4) gives
4 =4A.

Thus, A = 1. Putting A = 1in (7.3) or (7.4) makes B = 1. So we see that

4 1 1

4—x2:2—x+2+x' 75

Check that this is correct! We describe this process by saying that we have rewrit-

4

ten ;=

1 1 . . )
as 5 + 535 using partial fractions.

So what! How do we use this? Well, suppose we need to solve / i dx.

Using (7.5) we can rewrite it and then integrate (using a ‘mental adjustment’):

4 1 1
/4—x2dx_/<2x+2+x) ax
— n2—x 424 x| +o—In|2—>

24+ x

e

7.2 The Easiest Case: Distinct Linear Factors

We can always carry out the same sort of process as above under the following
circumstances:3

, r{x . . .
The Easiest Case: Let r(x) = rx) be a rational function. Assume that the denominator

q(x)
g(x) of the rational function factors into distinct linear and the degree of the numer-
ator p(x) is less than the degree of the denominator q(x). Then r(x) = % can be

rewritten using partial fractions.

PARTIAL FRACTIONS 3

3 This is not so easy to prove in general;
usually one sees the proof of this result
in a graduate-level abstract algebra
course.
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EXAMPLE 7.2.1 (Partial Fractions: Easiest Case). Here’s another example that uses partial frac-
tions. Determine

[
J x243x+2 7

SOLUTION. This is not an integral that we can immediately do, even with integration

by parts. 4 So we try partial fractions. Notice that the degree of the numerator is less +Don’t confuse the terms partial fractions

than the degree of the denominator (0 < 2) and the denominator factors into distinct with integration by parts.

linear factors: (x +1)(x + 2). We form the partial fractions xi;l and %, where A and

B are constants. We solve for A and B as we did in the previous example.

3 3 A B

i t2 (aDEt2) xtl xi2

By putting the last terms together again, we get
3 _ Ax+4+2A+Bx+B (A+B)x+ (2A+B)
x2+3x4+2 X2 4+3x+2 - X2 4+3x+2
Since the denominators are the same, the numerators must be the same, too. In par-

ticular there are as many x’s on the left side as on the right. There are none on the left
and A + B on the right side. Similarly for the constants.

x's: 0 = A+B
constants: 3 2A+ B

Subtracting the first equation from the second gives

3=A.
Substituting A = 3 into first or second equation makes B = —3. So we see that
3 3 3

2+3x+2 x+1 x+2

Now on to integration:

[ am [ 2
J x24+3x+2 ) \x+1 x+2

=3In|x+1]-3In|x+2|+c=3In

x+1
x+2

’—i—c.

EXAMPLE 7.2.2 (Partial Fractions: Easiest Case). Determine

6x —2
/ 27 dx.
x-—2x—-3
SOLUTION. This is not an integral that we can immediately do with substitution or

integration by parts. So we try partial fractions. The degree of the numerator is less
than the degree of the denominator (1 < 2) and the denominator factors into distinct

linear factors: (x —3)(x + 1). We form the partial fractions -45 and x—il, where A and
B are constants.
6x-2 _ 6x-2 A B Ax+A+Bx—3B
x2—2x—3_(x—3)(x+1)_x—3+x+1_ x2—-2x-3

So comparing the numerators of the first and last functions
x’s: 6 = A+B
constants: -2 = A-3B

Subtracting the second equation from the first gives

8 =4B.

So B = 2. Using this in the first or second equation makes A = 4. Now on to integra-
tion (using an adjustment):

6x —2 4 2
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YOU TRY IT 7.1. Does it matter which letters you put over each linear factor? What would
the numerator in the original integral have to be to make the problem a substitution prob-

lem? Answers to YOU TRY IT 7.1 : No. It

. . would have to be a multiple of 2x — 2.
EXAMPLE 7.2.3 (Partial Fractions: Easiest Case). Here’s another quick example. Determine

/ 2x +5 dx
x2+2x—8

SOLUTION. Notice this is not quite a substitution integral, but partial fractions will
work. The degree of the numerator is less than the degree of the denominator (1 < 2)
and the denominator factors into distinct linear factors: (x —2)(x +4).

2x+5 2x+5 A B Ax+4A+Bx—2B
x242x—8 (x—2)(x+4) x—-2 x+4 x242x—8
Comparing the numerators of the first and last functions and solving for A and B
gives
x’s: 2 = A+B = 4 = 2A+2B
constants: 5 = 4A-—2B 5 = 4A-2B
9 = 6A

So A= % and B = % The integration becomes:

- (3 1
/x+5dx—/< L )dx—gln|x2|+%ln|x+4+c.

x24+2x—8 x—2 x+4

YOU TRY IT 7.2. What would the numerator in the original integral have to be to make the
problem a substitution problem?

7.3 A Complication: Higher Degrees

The first complication that arises is is that the denominator of the rational function
may factor into three or more distinct linear factors. The solution method works
the same way as above, but it may be more complicated to find the constants.

EXAMPLE 7.3.1 (Partial Fractions: Three Distinct Linear Factors). Determine

" 2x% —6x 42
/ —3x2 4 2x
SOLUTION. Check that this is not quite a substitution integral. However, the degree
of the numerator is less than the degree of the denominator (2 < 3) and the denom-
inator factors into distinct three linear factors: x(x? — 3x +2) = x(x — 1)(x — 2). We
form the partial fractions with a different constant for each linear factor:

2x% — 6x +2 2x2—6x+2 A B C
—3x2+2x  x(x—1)(x—2) x x—-1 x-2
_A(x—l)(x—2)+Bx(x—2)+Cx(x—1)
N —3x2 +2x
Ax —3Ax+2A+Bx —2B+Cx? —Cx

x3 —3x2 4 2x

Compare like terms in the numerators of the first and last functions.

x%'s: 2 = A+B+C = 1 = B+C
x’s: -6 = -3A-2B-C = -3 = =-2B-C
const: 2 = 2A =A=1 -2 = -B

Notice that we used the value A = 1 to simplify the first two equations. It follows that
B =2 and C = —1. The integration becomes:

/ 2x2 —6x+2
3x2+2x

2tilx:ln\x|+21n|x71|71n|x72|+c.
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YOU TRY IT 7.3. What would the numerator in the original integral have to be to make the
problem a substitution problem?

EXAMPLE 7.3.2 (Partial Fractions: Three Distinct Linear Factors). Determine

.2 _
/x + 4x 1dx.

¥ —x
SOLUTION. Check that this is not a substitution integral. However, the degree of the
numerator is less than the degree of the denominator (2 < 3) and the denominator
factors into distinct three linear factors: x(x> — 1) = x(x — 1)(x + 1). We form the
partial fractions with a different constant for each linear factor:

X244x—1 A B C  A(x*—1)+Bx(x+1)+Cx(x—1)
¥—x  x x—1+x+17 X3 —x
_ Ax>— A+Bx?>+ B+ Cx? —Cx
- x3 —x '

Compare like terms in the numerators of the first and last functions.

x%’s: 1 = A+B+4C = 0 = B+C
x’s: 4 = B—-C = 4 = B-C
const: -1 = —A =A=1 4 = 2B

Notice that we used the value A = 1 to simplify the first two equations. It follows that
B =2 and C = —2. The integration becomes:

2 —
/%d":/%*xil —xildx:1n|x\+21n|x—l\—21n|x+1\+c
x—1
— In|x| +2In ?‘+

EXAMPLE 7.3.3 (Partial Fractions: Three Distinct Linear Factors). Determine

/ 4x +28 dx
(x+1)(x2—4x+3)

SOLUTION. Check that this is not a substitution integral. However, the degree of the

numerator is less than the degree of the denominator (1 < 3) and the denominator

factors into distinct three linear factors: (x +1)(x2 —4x +3) = (x +1)(x — 1)(x — 3).

We form the partial fractions with a different constant for each linear factor:

4x +28 A B C  A(x>—4x+3)+B(x*—2x—3)+C(x2 - 1)
(x+1)(x2—4x+3)_x+1+x—1+x—3_ (x+1)(x2 —4x +3)
(A4+B+C)x* 4 (—4A —2B)x +3A —3B - C

(x +1)(x2 —4x +3) '

Compare like terms in the numerators of the first and last functions.

x?’s: 0 = A+B+C = (C=5
x's: 4 = —4A-2B = A=3

const: 28 = 3A—-3B-C

Addall: 32 = — 4B = B=-8

The integration becomes:

/ 4x + 28 dx—/3—8+5dx
J (x+1)(x%2-4x+3)"" J x+1 x—-1 x-3

=3In|x—1|—8In|x+1|+5In|x —3|+¢

YOU TRY IT 7.4. What would the numerator in the original integral have to be to make the
problem a substitution problem?

6
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7.4 A Second Complication: Repeated Factors

Another complication that can arise is that the denominator of the rational func-
tion factors into linear factors, but the factors are not distinct. That is, there are
repeated linear factors. The solution in this situation is to include a term for every
power of every linear factor that divides the denominator.

EXAMPLE 7.4.1 (Partial Fractions: Repeated Linear Factors). Determine

/‘ 3x2 —7x+2
—2x2 4+ x

SOLUTION. This is not a substitution integral. However, the degree of the numerator
is less than the degree of the denominator (2 < 3) and the denominator factors into
repeated linear factors:

x(x® —2x+1) =x(x —1)(x — 1) = x(x — 1)

We form the partial fractions with a different constant for each power of each factor
that divides the denominator. Note: There are terms for both x — 1 and (x — 1),
Warning! Look very carefully at the numerator in the step where the common denom-
inator is formed.

3x2—7x+2 A B C  A(x—1)?+Bx(x—1)+Cx
x(x—1)2 _;+x71+(x—1)2_ x(x—1)2
Ax —2Ax+ A+ Bx? —Bx+Cx
N x(x—1)2

Compare like terms in the numerators of the first and last functions.

x2’s: 3 = A+8B =1=8B
x's: -7 = -2A—-B+C =C=-2
const: 2 = A =A=2

Notice that we used the value A = 2 to simplify the first two equations. The integra-
tion becomes:

3x2 —7x+2
711
/ 2x2+x / +x71 (x —1)2 *
=2In|x|+Inx —1|+2(x —1)"+¢

Be careful! The final integral requires the power rule and a mini-substitution.

YOU TRY IT 7.5. What would the numerator in the original integral have to be to make the
problem a substitution problem?

EXAMPLE 7.4.2 (Partial Fractions: Repeated Linear Factors). Determine

/ 3x% —2x —3 iy
32 :
SOLUTION. This is not quite a substitution integral. However, the degree of the nu-
merator is less than the degree of the denominator (2 < 3) and the denominator
factors into repeated linear factors: x?(x — 1). We form the partial fractions with a
different constant for each power of each factor that divides the denominator—there
are terms for both x and x2. Look very carefully at the numerator in the step where
the common denominator is formed.
3x2-2x—-3 A B C  Ax(x—1)+B(x—1)+Cx?
x2(x—1) Sx ety x2(x —1)
_ Ax? — Ax+ Bx — B+ Cx?
N x2(x —1)

PARTIAL FRACTIONS

7
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Compare like terms in the numerators of the first and last functions.

x%'s: 3 = A+C =C=-2
x’s: -2 = —-A+B = A=5
const: -3 = —B =B=3

Notice that we used the value B = 3 to simplify the first two equations. The integra-
tion becomes:

3x° —2x —

/ x3 xz / + dx—51n\x| 3x7 ! —2In|x — 1] 4.
x> —x

YOU TRY IT 7.6. What would the numerator in the original integral have to be to make the

problem a substitution problem?

YOU TRY IT 7.7. Determine
7—x
/ 72 dx.
(x+1)(x—1)
EXAMPLE 7.4.3 (Partial Fractions: Repeated Linear Factors). Here’s a different one: Determine
2

/(xiil)gdx.

SOLUTION. The degree of the numerator is less than the degree of the denominator
(2 < 3) and the denominator factors into repeated linear factors: (x +1)3 = (x +
1)(x + 1)(x 4+ 1). We form the partial fractions with a different constant for each
power of each factor that divides the denominator: (x + 1), (x +1)2, and (x + 1)3.
Look very carefully at the numerator in the step where the common denominator is

formed.
2 A LB cC _ A(x+1)?2+B(x+1)+C
(x+1)3  x+1 (x+1)2  (x4+1)3 (x+1)3
Ax +2Ax—|—A+Bx+B+C
(x+1)3

Compare like terms in the numerators of the first and last functions.

s 1 = A =~ A=1
x’s: 0 = 2A+8B =B=-2
const: 0 = A+B+C =C=1

Notice that we used the value A = 1 to simplify the last two equations. The integra-
tion becomes:

x2 1 2 1
/(x+1)3dx:/x+1_(x+1)2+( T

=In|x+1|+2(x+1)"! %(x—i—l) +ec.

Alternative Solution. We could have used a u-substitution to solve this problem. Let
u = x+1 Thendu = dx.Sinceu = x+1,thenx = u—1s0x> = (u—1)2 =
u? — 2u + 1. Therefore

x? u? —2u+1 1 2 1
7(1:/701:/——— —d
/(x+1)3 = ud " Wt

=Infu| —2ut - tu=2 4

=Inlx+1]+2(x+1)"1— %(x—i—l)*z—&—c,

just as above. Which method would you have used? Why?

7.5 Problems

PARTIAL FRACTIONS

8

Answer to YOU TRY IT 7.7: 2In|x+ 1| —
2In|x — 1] - 25.
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1. Try integrating these rational functions (answers below). These are a bit harder than

those in the text. Some have three factors. Others have repeated factors.

4> — 3t— t+7 x+6
()/ (b)/ (t+1)( 4t+3)dt ()/x2
2x2 4x +4
@) / x+1 ) (x+2) x @ /(xfl)z(erl) dx ) /( —2)2x dx
2x 2x—1
©) /(x—2)(x2—1) ax ") /(x+z)2

2. Try these similar looking problems.

SET) © 10x 10
(“)/25+x2dx (b)/25+x2dx (C)/25— 24

3. Have you finished all the ones above? Do these similar looking integrals.

4 4
[t 0
2
O [ Grapmts @ [z

Answers to Practice Problems

1@ [2+ 45+ Agdt=2In[t|+In|t—2|+In|t+ 1] +c

b [H+24 - Zdt=3In|t+1[+FIn|t—3|—2In|t—1|+c
© [25 - ﬁgdt—x—i-gln|x—3|—§In|x+2|+c

d) [ L+ ;ﬁ 28 dx =LtInjx—1|+ In|x+1| - 3In|x+2[+c
(e)f3/2 2Jr;ﬁdx_ﬂn|x—1|— (x—1)'+3ilnjx+1|+c
" |- - )2—1— lgx = —In|x—2|+2(x —=2)" ' +In|x| +¢
©) fx+2 x+2) dx = 21n|x+2|+m+c.

2. All “4c".

(a) 2arctan(x/5) (b) 5In|25 4 x?| (c) In

x+5
x—>5

PARTIAL FRACTIONS
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