23
o (=1)"-(2In(e") +2)

EXAMPLE 14.24. Does the series ) | ()3
Ccos

n=1

converge?

SOLUTION. SCRAP WORK: First simplify the nth term: cos(nmr) = (—1)" right? And
2In(e") = 2n. So % Z”H . Use a limit comparison test with } -

ARGUMENT: Since the terms % = 2’“2 and are always positive, we

n1n2

can apply Theorem 14.7.

2n+2 n? 213 + 212 2
im & — im %.'L: lim 2n” + 2n° Hbwrs lim i_2>o_
n—co by, n—oeo 1 1 n—s00 nd n—oco 13
(=" (2In(e") +2)
cos(nm)nd

Since Z converges by the p-series test, then the series Z
n=1
Converges by the limit comparison test (Theorem 14.7).

> 1
EXAMPLE 14.25. Does the series Z sin (—2 converge?
n

n=1

SOLUTION. scRAP WORK: The terms sin (%) are always positive. Use a limit com-
parison test with } o, nl—z

ARGUMENT: Since the terms cos (%) and % are always positive, we can apply Theo-

rem 14.7.
1 1 1 2
o osn(w) sin(E) e cos()(-F)
lim — = lim = lim = lim
nse0 b, noe L phe L X500 2
n? x? 2
1
= lim cos -
xX—»00 X
= cos(0 =

1 1

Since Z — converges by the p-series test, then the series Z cos (n—z) converges by
n=1" n=1

the first part of the limit comparison test (Theorem 14.7).

The Ratio Test

One difficulty with using the two comparison tests is that requires you to know
something! It requires you to know something about the convergence or di-
vergence of a similar or related series. The ratio test does not depend on such
knowledge—it is a self-contained or self-referential test and the results depend
only on the series under consideration. One of its drawbacks, however, is that the
test is often inconclusive in terms of deciding whether there is convergence. How-
ever, we will see that this test is extremely useful in dealing with so-called power
series, which is our final topic of the term. Ok, here’s the test.

oo
THEOREM 14.8 (The Ratio Test). Assume that Z ay is a series with positive terms and let

n=1
r = lim a”—“.
n—eo  y
oo
1. If r < 1, then the series Z a, converges.
n=1
o0
2. Ifr>1or lim Intl _ = o0, then the series 2 a, diverges.
n—oo ay =i

3. If r =1, then the test is inconclusive. The series may converge or diverge.
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Proof. Here’s the idea for the proof of part 1. Suppose that nh_r)rolo HZ—H =r < 1. This
n

means that when # is sufficiently large (say n > k), we have

An+1
(n
An+2

R = Ayy1 R apt

RT = Gy R Apy1r = anr?

An41
An+3
B = a3 & apgor R apr®
Ap42

Aptk = An?

So the tail of the series is approximately geometric:

[e9) [0.0)
Z Apip ~ Z anr*.
k=0 k=0

e}
But the geometric series converges since ¥ < 1. So Z a, converges by the (limit)
n=1
comparison test. O

Using the Ratio Test

The real utility of this test is that one need not know about another series to deter-
mine whether the series under consideration converges. This is very different than
with the comparison tests or the integral test where some sort of comparison to
another series is required.

(o]
. n
EXAMPLE 14.26. Determine whether Z:l n converges.
=
SOLUTION. This is not a geometric series, but the terms are positive so let’s try the
ratio test.
ARGUMENT: The terms are positive and
n+1

n . ]- . 1
r= lim 2% — Jim 277 — Iim n+ 1 Hbwrs lim —- _§<1.

n—oo n—soo L n—oo 21 n—eo 21

By the ratio test the series converges.

That was quick! The ratio test is very easy to use with both factorials and expo-

nentials (powers) because there will be a lot of cancelation.
© 3nt2p)
EXAMPLE 14.27. Determine whether Z

n=1

converges.

SOLUTION. There are both exponentials and factorials and the terms are positive,
so let’s try the ratio test. To eliminate compound fractions we can simplify the limit
expression by multiplying by the reciprocal of a, instead of dividing by it.
ARGUMENT:

i1 _ g 3H2(n 1)1 4" . 3(n+1)

r = lim . = lim ———= = oo.
n—eco n—c0 4n+1 3n+lyl pSeo 4

By the ratio test the series diverges. That was quick!

()
o ) 8n+1n2
EXAMPLE 14.28. Here’s a very similar one: Determine whether Z T converges.

24
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SOLUTION. Because of the exponentials let’s try the ratio test.
ARGUMENT: The terms are positive and

o Gpp1 o 8PP+ 1) 2 8412 2P 42n41)
r=lim = = lim e g = i — g = Jim ————
2 2
HEWSS Jim =0 — 9> 1,
n—oo 11

By the ratio test the series diverges.

[e9]
. 3"
EXAMPLE 14.29. Determine whether Z s converges.
n=1
SOLUTION. Because of the exponentials let’s try the ratio test.
ARGUMENT: The terms are positive and

= lim 7% = lim Cil o lim s _ lim 3 n
C nSe g, oo (n+1)ntl 31 T s (n+1)n+1 T aSeon41 (n+1)n
= lim 5 n )"
= n+1\n+1
3 1 \"
= lim
n—een+1\ 14 %
=1lim0--=0
nseo e

By the ratio test the series converges.

Why is the test inconclusive when the ratio is 1? The next example shows why.

. . w1 |
EXAMPLE 14.30. Consider the harmonic series Z — and the series Z —. By the
n=1" n=1 n?
p-series test we know that the former diverges while the later converges. But notice

what happens when we try to apply the ratio test to each.
With the harmonic series we find

. a . 1 n HP . n
r = lim 2L — lim = 2 lim - =1,
n—oo n—oon+1 1 n—oo 1

With the second series we also get

2 2 2
. a . 1 n n HP .. n
r = lim 2L = lim =T

- . =lim - = — =1.
n—oo n—o00 (n—|—1)2 1 n1—I>I<}on2+2n+1 ng{}onZ

Both ratios are 1, yet the first series diverges and the other converges (p-series test).
For this reason the ratio test is inconclusive when the limit is 1.

Let’s look at a few more examples.

oo n

2
EXAMPLE 14.31. Determine whether —
+3 n; (2n)!

SOLUTION. Because of the exponential and factorial let’s try the ratio test.
ARGUMENT: The terms are positive and

converges.

a 2ml (2n)!
= lim 2 — lim — . =lim —— _=0<1
T T, e 2nt2) 20 e (@it D@nt2) o
By the ratio test the series converges.
; : . . = (2n)!
EXAMPLE 14.32. Here’s a slightly more complicated one: Determine whether Z ()2
n=1 :

converges.
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SOLUTION. Because of the factorials let’s try the ratio test.
ARGUMENT: The terms are positive and

L (2n+2)!  (n)?  lim (n+1)(2n+2) - (2n+1)2
n—co  ay n=oo [(m4+1)112 (2n)!  n=e (n+1)(n+1) n—oo (n+41)

4
Hewes pom 2P 4> 1,

n—oo 1

By the ratio test the series diverges.

The Root Test

The root is similar to the ratio test, though a bit less useful. It is a good test to use
with series that contain powers but not so useful for series with factorials. The set
up is essentially the same.

o0
THEOREM 14.9 (The Root Test). Assume that Z ay is a series with positive terms and let

n=1
r= nlgrolo Van.
(o]
1. If r < 1, then the series Z a, converges.
n=1
o0
2. Ifr>1or nlglgo {/a, = oo, then the series ) _ a, diverges.
n=1

3. If r = 1, then the test is inconclusive. The series may converge or diverge.

Proof. Here’s the rough idea. Suppose that nlgn {/a, = r. This means that when
n is sufficiently large (say n > k), we have a” = " So the tail of the series is
approximately geometric:

[e9) [e9)
Yo~ Yk
k=n k=n
But a geometric series converges if and only if r < 1. If the tail of the series con-
[e9)

verges, so does the entire series. So the entire series ) _ a, will converge if r < 1
n=1
and certainly diverge if r > 1. When r = 1, the test turns out to be inconclusive, as

we will see. O

Using the Root Test

The real utility of this test is that one need not know about another series to de-
termine whether the series under consideration converges. Again, this is very
different than with the comparison tests where some knowledge of another series
is required.

(o]
n

EXAMPLE 14.33. Determine whether Z on converges.

n=1
SOLUTION. This is not a geometric series, but the terms are positive and involve
powers, so let’s try the root test. (We just did this by the ratio test. Compare the argu-
ments.)
ARGUMENT: The terms are positive and

N S VT |
r=fim Ve = lim §on = lim o as =g

using a key limit. By the root test the series converges. That was still pretty easy.
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That was quick! The root test is very easy to use with exponentials (powers)
because there will be a lot of cancelation.

EXAMPLE 14.34. Here’s a another we did with the ratio test: Determine whether
00 8n+1n2

22n converges.

n=1

SOLUTION. Because of the powers let’s try the root test.
ARGUMENT: The terms are positive and

.| gntly2 /gn+1y,2 g(n+1)/n,2/n
r= lim Va, = hm —=1lim —— = lim —————
n—00 oo 22n n—seo  {/22n n—o0 22n/n

gl+1/n(,y1/n)2
= lim 8 1)
n—sco 22
— 8-
- ngrr}o 4
=2>1

By the root test the series diverges. Was this a bit more of a pain than doing it by the
ratio test?

Why is the test inconclusive when the root is 1? The next example shows why.

1 1
EXAMPLE 14.35. Consider the harmonic series Z — and the series Z . By the

p-series test we know that the former diverges wh11e the later converges But notice
what happens when we try to apply the root test to each.
With the harmonic series we find
1 V11

r=1lim V/a, = lim {/ = = —= == =1.
n—o0 " SV n \ﬂ/ﬁ 1

With the second series we also get

1 val 1
r= lim /a, = lim {/ — = \[2:*:1,

n—00 n—oo \ n2 [/n 12

Both roots are 1, yet the first series diverges and the other converges (p-series test).
For this reason the root test is inconclusive when the limit is 1.

°°( 28 +1

3n
EXAMPLE 14.36. Determine whether Z m) converges.
no +n

SOLUTION. Because of the power let’s try the root test.
ARGUMENT: The terms are positive and

w341\ 213 +1 \° Hpwrs (1)°
r= Jim, V= fim (m) —J%(m) - (é) <t

By the root test the series converges.

oS 2

. 2\"
EXAMPLE 14.37. Determine whether ) (1 + 7> converges.
n
n=1

SOLUTION. Because of the power let’s try the root test.
ARGUMENT: The terms are positive and

o n2 > n/n o\ "
r = lim {/a, = lim { <1+7> = lim <1+7> = lim <1+7> =2 > 1.
n—o0 n—o0 n n n n n

By the root test the series diverges.



