SPRING, 2016. MATH 204 (MITCHELL) ASSIGNMENT 14B: DUE WEDNESDAY 1

Reading and Practice

Reread Section 4.1 and Read Section 4.2. The Null Space and Column Space are
fundamental vector spaces associated with matrices and their corresponding trans-
formations.

1. Practice Problems. Page 195ff [Check answers in the back.] #1, 3, 5, 7, 9, 11, 13, 15,

17, 21, 23, 25, 27, 209.

Today’s Key Concepts

DEFINITION 4.1.1. A subspace of a vector space V is a subset H of V that has the following
three properties.

(a) The zero vector of V is in H.
(b) H is closed under addition: That is, for each u and v in H, the sum u + v is in H.

(c) H is closed under scalar multiplication: That is, for each u € H, and each scalar c, the
vector cu € H.

THEOREM 4.1.2 (Subspaces are Vector Spaces). Let H be a subspace of a vector space V. Then H
is, itself, a vector space.

THEOREM 4.1.3 (Spans are Subspaces). If vq,..., v are vectors in a vector space V, then Span {vl, ..

is a subspace of V.

Norarion: We call Span {vy,...,v,} the subspace spanned (or generated) by
{vi,...,vp}. Given any subspace H of V, a spanning or generating set for H is a
set {vy,...,v,} such that H = Span {vy,...,0,}.

DEFINITION 4.1.4. The null space of an m x n matrix A is the set of all solutions to the ho-
mogeneous equation Ax = 0.

NulA = {x € R": Ax=0}.

THEOREM 4.1.5 (Nul A is a Subspace). The null space of an m x n matrix A is a subspace of R".

Hand In Wednesday

1. (Review problem—see Test 2). Suppose that A and E are n X n matrices and E is
an elementary. Prove: If Ax = 0 has only the trivial solution, then AT ~ E.

2. EXERCISE 4.1 #2: Let W = { [x] DXy > 0}.
Y

(-) Begin by giving an example of a vector w € W.
(a) If uis in W and c is any scalar, is cu € W? Why?
(b) Find u,v € Wsuch thatu+v ¢ W.

3. For these three problems use the definition of a subspace on page 193.
(a) Page 196, Exercise #6: Let H = {p € P, : p(t) = a + #?}. (1) Give an explicit
example of a vector q € H. (2) Determine whether H a subspace of ;.
(b) Page 196, Exercise #8: Let H = {p € P, : p(0) = 0}. (1) Give an explicit ex-
ample of a non-zero vector q € H. (2) Determine whether H a subspace of
P,.
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@ For part (a) the condition means
that the coefficient of #2 is 1.
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(c) Exercise #22, Page 196. Let F be a fixed 3 x 2 matrix. Determine whether H =
{A € Myy4: FA = 0344} a subspace of My4.

4. Let K be the set of 2 x 2 singular matrices, i.e., K = {A € My, : detA = 0}.
Show that K is NOT a subspace of M7 by giving specific 2 X 2 matrices to show
that one of the subspaces properties fails.

25 + 4t
2
5.(a) Exercise #12, Page 196. Let W = ) ° 3t € R*:s,t scalars . (1) Give an
S p—
5t
explicit example of a non-zero vector v.€ W. (2) Show that W is a subspace of
R*.
1 2 4 1
(b) Exercise #14, Page 196. Letvy = | 0 | ,vo = [1| ,v3 = |2| ,w= |3 |.Isw
-1 3 6 14
is the subspace spanned by {vy, vy, v3}?
!
(c) Exercise #16, Page 196. W = 30 —5b| € R3:a,bscalars p. Is W is a sub-
13b+2a
space of IR%?
[ 4a+3b
0
(d) Exercise #18, Page 196. W = 44 3b4c € R*:4a,b,cscalars p. Is Wis a
| 3b—2c
subspace of R*?
For Friday

6. Let S be the set of n x n symmetric matrices, i.e., S = {A € My, : A = AT}
Determine whether S is a subspace of M.

7. Thinking ahead. Now that we have defined general vector spaces we can gener-
alize the idea of a linear transformation.

DEFINITION 4.1.6. If V and W are vector spaces, then T : V. — W is a linear transforma-
tion if
1. T(u+v)=T(u)+T(v) forallu,veV

2. T(cu) = cT(u) for all u € V and all scalars c.

DEFINITION 4.1.7. T : V — W is onto if for every w € W, there is at least one vector v €
V so that T(v) = w.

DEFINITION 4.1.8. T : V — W is one-to-one if whenever T(u) = T(v) then u = v.
’ X Xy . )
(@) Let T : R® = My by T = RE Prove T is a linear transfor-
Y Yy X

mation.
(b) Determine whether T is one-to-one. (If T(u) = T(v) must u = v?)

(c) Bonus: Determine whether T is onto.

8. More problems will be added Wednesday.
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