4.3 Linearly Independent Sets; Bases

Definition

A set of vectors {v1,v2,...,V,} in a vector space V is said to be linearly independent if the
vector equation

ciVi+ca2Va+ - +cpVp =0
has only the trivial solutionc; = 0,...,c, = 0.

The set {v,,v2,...,Vv,} is said to be linearly dependent if there exists weights ci,... ,¢c,,not
all 0, such that

ciVi+caVa + - +cpVp = 0.

The following results from Section 1.7 are still true for more general vectors spaces.

A set containing the zero vector is linearly dependent.

A set of two vectors is linearly dependent if
and only if one is a multiple of the other.

EXAMPLE: b2 , 00 , 52 is a linearly set.
3 4 00 30

EXAMPLE:{ 2 , 36 j}}isalineaxly set since

3 4 9 11

Theorem 4

An indexed set {vi,v2,...,Vv,} of two or more vectors, with v, = 0, is linearly dependent if
and only if some vector v; (j > 1) is a linear combination of the preceding vectors
Viseooh Vit

EXAMPLE: Let {p,, p,, P, be a set of vectors in P, where p,(?) = £, p,() = 1?, and
p; () = 4¢+ 272, Is this a linearly dependent set?

Solution: Since p, = , {P1, P2, P3 ; is a linearly set.




A Basis Set

Let H be the plane illustrated below. Which of the following are valid descriptions of H?
(@) H =Span{v,,v,}  (b) H =Span{v,,v;}
(c) H =Span{v,,vi}  (d) H =Span{v,,v,,v;}
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A basis setis an “efficient” spanning set containing no unnecessary vectors. In this case, we
would consider the linearly independent sets {v,,v;} and {v,,v;} to both be examples of basis
sets or bases (plural for basis) for H.

DEFINITION

Let H be a subspace of a vector space V. An indexed set of vectors g = {b,,...,b,} in Vis
a basis for H if

(i) Bis alinearly independent set, and
(i) H=_S8pan{b,,....b,}.

1 0
EXAMPLE: Lete,=| 0 |,e2=| 1 |,es=| 0 | Showthat{e,,e;,e;}isabasis for
0 0

R’. The set {e;,e;,e;} is called a standard basis for R,

Solutions: Review the IMT Let
1 00
A=[ e e e; ]m 0 1 0 | Since A has 3 pivots,

0 01



