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For sets A, B, and C, use the definition of C and N to show that C' C AN B if and
only iff (C C A) A (C C B).

Answer:

Proof. Show C C (AN B) «+ (C CA)A(CCB).

CC(ANB)« (CCAAN(CCB)
Ve(xeC —-rxe(ANB)) < Ve(r e C =2 € A)ANNVar(r € C —z € B))
definition of C
Ve(reC—(xre ANz e B)) < (Ve(xe C wx € A)AN(Vx(x e C —x € B))
definition of N
Ve(r ¢ CV(r e ANz € B))« Ve(z ¢ CVaeA)ANNVe(x ¢ CVaeB))
definition of —
Ve((x ¢ CVre A)N (e ¢ CVareB)) < Ve(x ¢ CVaeA)ANVe(xr ¢ CVareB))

distributive law

Observe that this has the form Va(P(z) AQ(z)) > (VaP(z)) A (VzQ(z)). Which is
true — pAq — p and pAq — q, so Vz(P(x) ANQ(z)) — YxP(z) and Vz(P(x) ANQ(z)) —
VzQ(x) and thus Va(P(x) A Q(x)) — (VxP(z)) A (VxQ(z)). For the other direction,
observe that if P(x) is true for every z and @Q(x) is true for every z, then P(z) A Q(z)
has to be true for every .

So, we have that

Ve((r ¢ CVaxe A)N(x ¢ CVax € B)) <
(Ve(z ¢ CVvaeA)ANNx(x ¢ CVareB))

and thus C C AN B iff (C C A) A (C C B). O

Discussion:

We are looking to show logical equivalence between the two sides, so we can try
using the definitions of subset and intersection and then simplifying to see if we can
get something where the two sides look similar.

Start with C' C (AN B):

CC(ANB)=Vz(zeC—z€(ANB)) definition of C
=Ve(r € C — (x € ANz € B)) definition of N

We can drop the Vz with the statement “Let = be an arbitrary element” (because
if the proposition is true for any x, it has to be true for all of them).

reC—(xeANzeB)=x¢CV(re ANz € B) definition of —
=(x¢CVaxeA)AN(x¢CVae B) distributive law
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This is now as simplified as it can get, so let’s turn to the other side:
(CCANCCB)=WVe(zeC—xzeA))ANNe(x e C—x e B)) definition of C

Since there are two separate Va terms, we don’t want to drop the Vx — x can be
an arbitrary element, but it’s a separate arbitrary element for each part.

Ve(zeC—oaxecA)ANNVe(zeC—axe€B)=Ne(z g CVareA))ANNVe(x ¢ CVareB))
definition of —

This is also as simplified as it can get.
Since there’s still Vx in the righthand side, it probably wasn’t useful to have dropped
it on the left. So we have

Ve((z ¢ CVe e A)N(z ¢ CVz € B))+ Ve(x g CVaeA)ANx(x ¢ CVa e B))

Observe that this has the form Va(P(z) A Q(z)) <> (VxP(z)) A (VzQ(z)). Which is
true — pAq — p and pAg — ¢, so Vz(P(x) ANQ(x)) — YaP(x) and Vo (P(z) ANQ(x)) —
VzQ(x) and thus Va(P(x) A Q(x)) — (VxP(z)) A (VxQ(z)). For the other direction,
observe that if P(x) is true for every x and Q(x) is true for every x, then P(z) A Q(z)
has to be true for every z.

So, we have that

Ve((z ¢ CVe e A)N(z ¢ CVz € B))+ Ve(x g CVaeA)ANx(z ¢ CVa e B))

and thus C' C AN B if and only iff (C C A) A (C C B).

Use the laws of logic to verify the associative laws for union and intersection. Show that
if A, B, and C are sets, then AU(BUC) = (AUB)UC and AN(BNC) = (AnB)NC.

Answer:

[AU(BUC) = (AUB)UC only]
Proof. Rewriting the statement AU (BUC) = (AU B) UC in predicate logic:
Ve(z € (AU(BUC)) <z € (AUB)U(Q))
Let x be an arbitrary element. The definition of U means that this becomes
reAV(reBVrel)< (xe AVeeB)Vae(C

This is just a statement of the associative law for V, so it is true and thus AU (B U
C)=(AUB)UC is true. O
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Discussion:
Let’s start with AU (BUC) = (AUB)UC. Since we want to use the laws of logic,
first turn this into a proposition instead of a statement about sets:

Ve(z € (AU(BUC)) <z € ((AUuB)U(Q))
Let x be an arbitrary element. Use the definition of U:

re(AU(BUC)) <z ((AuB)UC)
reAV(reBVrel)«< (xe AVeeB) Ve e

This is true — it is just the associative law for V.

Show that for any sets A and B, AC AUB and AN B C A.

Answer:
[A C AU B only]
Proof.
ACAUB
Ve(r € A—z € (AUB)) definition of C

Ve(r € A— (r € AVx € B)) definition of U

Let = be an arbitrary element.

re€A—(xre AV e B)

r¢ AV(r€ AVve e B)  definition of —
(x¢ AVee A)Ve e B associative law
TvxeeB excluded middle
T

Discussion:

[A C AU B only]

The boolean algebra for sets isn’t helpful here, since C is involved. So, apply the
definitions of C and U and simplify:

ACAUB
Vi(re A=z € (AUB)) definition of C
Ve(r € A— (r € AVa € B)) definition of U
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Let x be an arbitrary element.

reA—(xeAVa e B)

r¢ AV (r€ AVve e B)  definition of —
(¢ AVee A)VeeB associative law
TvzeB excluded middle
T



