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Infinities

• ℝ (reals) is not countably infinite

• ℝ\ℚ (irrationals) is not countably infinite

for any such list, construct a new 
number by picking a number other 
than the bold one for each column

   e.g. 0.813724613… 

since the value picked for the nth 
column is always different from the 
nth column of the nth number in the 
list, it has at least one digit different 
from every number in the list – and 
is thus not itself in the list
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Infinities

– for finite sets, | 􏺖(X) | = 2|X| > |X|
– the “larger” relationship holds for infinite sets too

• can construct an infinite series of increasingly larger 
infinities with ℝ, 􏺖(ℝ), 􏺖(􏺖(ℝ)), 􏺖(􏺖(􏺖(ℝ))), … 
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• there are many possible relationships between elements 
of sets

• a functional relationship between sets A and B associates 
exactly one element of B with each element of A
– a function f: A→B can be thought of as a subset of A✕B with 

certain properties
• { (a,b) ∊ A✕B | a ∊ A, b ∊ B, and b = f(a) }

• relationships in general are captured by the notion of a 
relation
– a relation ℛ on n sets A1, A2, …, An is a subset of A1✕A2 …✕ ✕An

– for two sets A and B:  ℛ = { (a,b) ∊ A✕B | a ∊ A, b ∊ B }
– for three sets A, B, C:                                                                  

ℛ = { (a,b,c) ∊ A✕B✕C | a ∊ A, b ∊ B, c ∊ C }

Relations
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Relations

• a binary relation ℛ on A is a subset of A✕A
– for a binary relation ℛ, (a,b) ∊ ℛ can also be written as a ℛ b
– examples

• n ≤ m
• { (c,p) | c is a child of p }

• a ternary relation ℛ on A is a subset of A✕A✕A
– examples

• x2+y2+z3 = 1

• a n-ary relation ℛ on A is a subset of A✕A …✕ ✕A with n 
copies of A
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Properties of Binary Relations

• ℛ is reflexive if ∀a ∊ A ( a ℛ a )
– every element in the set is related to itself
– n ≤ n is reflexive
– n < n is not
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Properties of Binary Relations

• ℛ is transitive if                                                                    
 ∀a ∊ A, ∀b ∊ A, ∀c ∊ A (( a ℛ b ∧ b ℛ c ) → ( a ℛ c ))
– a related to b and b related to c means that a is related to c
– “child of” is not transitive – Alice is a child of Bob and Bob is a 

child of Carol but Alice is not a child of Carol
– “descendant of” is transitive
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Properties of Binary Relations

• ℛ is symmetric if ∀a ∊ A, ∀b ∊ A ( a ℛ b → b ℛ a )
– whenever a is related to b, b is related to a
– “sibling of” is symmetric – if Alice is Bob’s sibling, Bob is also 

Alice’s sibling

• ℛ is antisymmetric if                                                        
∀a ∊ A, ∀b ∊ A (( a ℛ b ∧ b ℛ a ) → a = b )
– we can’t have both that a is related to b and b is related to a for 

distinct elements a, b
– ≤ is antisymmetric – if n ≤ m and m ≤ n, then n = m

note typo in book:
b ∊ A, not b ∊ B
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• “not symmetric” is not the same as “antisymmetric”

• can you find an example of a relation that is neither 
symmetric nor antisymmetric?
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Types of Binary Relations

• ℛ is a partial order if – 
– it is reflexive, 
– it is antisymmetric, and 
– it is transitive
– ⊆ is a partial order on 􏺖(X)

• ℛ is a total order if – 
– it is a partial order, and 
– ∀a ∊ A, ∀b ∊ A ( a ℛ b ∨ b ℛ a )
– ⊆ is a not a total order on 􏺖(X)
– ≤ is a total order on ℕ
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Additional Definitions

• a partition of A is a collection of non-empty subsets of A 
such that – 
– each pair of distinct subsets is disjoint, and
– the union of all subsets in the collection is A

– i.e. a partition divides up all of the elements of A into separate 
sets
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Additional Definitions

• an equivalence relation is a binary relation that is 
reflexive, symmetric, and transitive

• the equivalence class of a in A under equivalence relation 
ℛ, written [a]ℛ, is { b ∊ A | b ℛ a }
– the equivalence class of a is the set of all elements that are 

related to a under an equivalence relation
– the notation can be shortened to [a] if ℛ is understood

– we can use equivalence relations to classify things into 
categories where the categories are equivalence classes
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Additional Definitions

• the transitive closure ℛ* of ℛ captures the set of things 
related to each other by one or more steps
– for a, b ∊ A, a ℛ* b if there is a sequence a = x0, x1, …, xn = b for 

xi ∊ A and n > 0 such that x0 ℛ x1, x1 ℛ x2, … , xn-1 ℛ xn

– let C be the set of all cities and 𝒜 be the binary relation on C 
such that for x, y ∊ C, x 𝒜 y if there is a regularly scheduled 
airline flight from x to y

• what is x 𝒜* y?
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