Infinities

* R (reals) is not countably infinite

0.90398937249879561297927654857945. ..
0.12349342094059875980239230834549. ..
0.22400043298436234709323279989579. ..
0.50000000000000000000000000000000. ..
0.77743449234234876990120909480009. ..
0.77755555588888889498888980000111. ..
0.12345678888888888888888800000000. ..
0.34835440009848712712123940320577. ..
0.93473244447900498340999990948900. ..

for any such list, construct a new
number by picking a number other
than the bold one for each column

e.g. 0.813724613...

since the value picked for the nth
column is always different from the
nth column of the nth number in the
list, it has at least one digit different
from every number in the list — and
is thus not itself in the list

R\@ (irrationals) is not countably infinite

Theorem 2.9. Suppose that X is an uncountable set, and that K is a
countable subset of X. Then the set X ~ K is uncountable.
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Relations

there are many possible relationships between elements

of sets

a functional relationship between sets A and B associates
exactly one element of B with each element of A

a function f: A - B can be thought of as a subset of AXB with

certain properties

- {(ab) e AXBlae A, beB,andb="f(a)}

relationships in general are captured by the notion of a

relation

a relation R on n sets Ay, A, ..

., Anis a subset of AIXA,X... XA,

fortwo sets AandB: R ={(a,b) e AXB|ac€ A beB}

for three sets A, B, C:

R ={(abc)e AXBXC|laeA beB,ceC}
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Infinities

Theorem 2.11. Let X be any set. Then there is no one-to-one correspon-
dence between X and P(X).

for finite sets, | P(X) | = 2¥ > |X]
the “larger” relationship holds for infinite sets too

+ can construct an infinite series of increasingly larger
infinities with R, P(R), P(P(R)), P(P(P(R))), ...
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Relations

 abinary relation R on A is a subset of AXA
for a binary relation R, (a,b) € R can also be written as a R b

examples
*n=m
« {(c,p)|cisachildofp}

* aternary relation R on A is a subset of AXAXA

examples
c XHy+z8 =1

« an-ary relation R on A is a subset of AXAX... XA with n
copies of A
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Properties of Binary Relations

* RisreflexiveifVae A(aRa)

every element in the set is related to itself

n < nis reflexive
n<nis not

a) R ={(a,0), (a,¢), (a,d)}.

b) 8 ={(a,a), (b,b), (¢,¢), (d,d), (a,b), (b,
€) T={(b.b). (c.c). (d.d)}.

d) €= {(a,b), (b,), (a,0), (d,d)}.

e) D ={(a,b), (b.a), (,d), (d,c)}.

a)}.
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Properties of Binary Relations

note typo in book:
beA notheB

* Ris symmetricif Vae A,VbeA(aRb - bRa)

whenever a is related to b, b is related to a
“sibling of” is symmetric — if Alice is Bob's sibling, Bob is also

Alice’s sibling

* R is antisymmetric if

VaeA VbeA(aRbAabRa)-a=b)
we can't have both that a is related to b and b is related to a for

distinct elements a, b

< is antisymmetric —ifn = mand m < n,thenn=m

a) R = {(a,b). (a,0), (a,d)}.
b) 8 ={(a,a), (b,b), (¢,c), (d,d), (a,b), (b,
e) T={(b,0), (¢;¢), (d,d)}.
d) €= {(a,b), (b;), (a;c), (d, )}
&) D = {(a,b), (b,a), (c,d), (d,c)}.

)}
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Properties of Binary Relations

« R is transitive if

VaeA VbeA VceA(aRbAbRc) - (aRce))
a related to b and b related to ¢ means that a is related to ¢

“child of” is not transitive — Alice is a child of Bob and Bob is a
child of Carol but Alice is not a child of Carol

“descendant of” is transitive

a) R ={(a,b), (a,¢), (a,d)}.

b) 8 = {(a,a), (b,0). (¢,¢). (d,d), (a,D). (b;a)}.
¢) T={(b.b). (c.c). (d.d)}.

d) € ={(a,b), (b,¢), (a,¢), (d, d)}.

e) D ={(a,), (b:a), (c,d). (d,c)}.
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“not symmetric” is not the same as “antisymmetric”

4, It is possible for a relation to be both symmetric and antisymmetric. For

example, the equality relation, =, is a relation on any set which is both
symmetric and antisymmetric. Suppose that A is a set and R is a relation on
A that is both symmetric and antisymmetric. Show that R is a subset of =
(when both relations are considered as sets of ordered pairs). That is, show
that for any @ and b in 4, (aRb) — (a =1b).

« can you find an example of a relation that is neither

symmetric nor antisymmetric?
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Types of Binary Relations

* R is a partial order if —
it is reflexive,
it is antisymmetric, and
it is transitive

C is a partial order on P(X)

* R is a total order if —
it is a partial order, and
VaeA VbeA(aRbvbRa)
€ is a not a total order on P(X)
< is a total order on N

a) R = {(a,h), (a,c), (a,d)}.
b) 8 = {(a.a), (b,1). (¢,), (d, d), (a,b), (b,a)}.
€) T={(b.b), (c.<). (d,d)}.
d) €= {(a,b). (b,c), (a.0), (d,d)}. L
e) D = {(a,b). (b,a), (c,d), (d,0)}.

Additional Definitions

° an equivalence relation is a binary relation that is
reflexive, symmetric, and transitive

« the equivalence class of a in A under equivalence relation
R, written [a]z, is{beA|bRa}
the equivalence class of a is the set of all elements that are
related to a under an equivalence relation
the notation can be shortened to [a] if R is understood

Theorem 2.12. Let A be a set and let R be an equivalence relation on A.
Then the collection of all equivalence classes under R is o partition of A.

we can use equivalence relations to classify things into
categories where the categories are equivalence classes
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Additional Definitions

= the elements of the relation, considered as a set of ordered pairs. Let A be the

+ a partition of A is a collection of non-empty subsets of A
such that —

each pair of distinct subsets is disjoint, and
the union of all subsets in the collection is A

i.e. a partition divides up all of the elements of A into separate
sets
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1. For a finite set, it is possible to define a binary relation on the set by listing

set {a,b, e, d}, where a, b, ¢, and d are distinet. Consider each of the following
binary relations on A. Is the relation reflexive? Symmetric? Antisymmetric?
Transitive? Is it a partial order? An equivalence relation?

a) R = {(a,b), (a,), (a,d)}.

b) 8 = {(a,a). (b.b), (c,0). (d.d), (a,b), (b.a)}.

&) T={(b,b), (c.c), (d,d)}.

d) €= {(a,b), (b,), (a,0), (d, d)}.

e) D ={(a,b), (b,a), (c,d), (d,e)}.

2. Let A be the set {1,2,3,4,5,6}. Consider the partition of A into the subsets
{1,4,5}, {3}, and {2,6}. Write out the associated equivalence relation on 4
as a set of ordered pairs.

3. Consider each of the following relations on the set of people. Is the relation
reflexive? Symmetric? Transitive? Is it an equivalence relation?
a) z is related to y if = and y have the same biological parents.
b) z isrelated to y if  and y have at least one biological parent in common.
c) z is related to y if z and y were born in the same year.
d) z is related to y if z is taller than y.
e) z is related to y if z and y have both visited Honolulu.
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Additional Definitions

« the transitive closure R* of R captures the set of things
related to each other by one or more steps
for a, b € A, a R* b if there is a sequence a = xo, X1, ..., Xa = b for
X; € Aand n > 0 such that xo R X1, X1 R Xz, ... , X1 R Xn
let C be the set of all cities and # be the binary relation on C
such that for x, y € C, x A4 y if there is a regularly scheduled
airline flight from x to y
© whatis x A* y?

10. Let P be the set of people and let € be the “child of” relation. That is z Cy
means that x is a child of y. What is the meaning of the transitive closure
€*?7 Explain your answer.

11. Let R be the binary relation on N such that z Ry if and only if y = = + 1.
Identify the transitive closure R*. (It is a well-known relation.) Explain your
answer.
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CP!

. Let ~ be the relation on R, the set of real numbers, such that for r and y in

R, x ~ y if and only if x — y € Z. For example, v2 — 1 ~ v/2 + 17 because
the difference, (\/5 -1)— (\/5+ 17), is —18, which is an integer. Show that
~ is an equivalence relation. Show that each equivalence class [].. contains
exactly one number a which satisfies 0 < a < 1. (Thus, the set of equivalence
classes under ~ is in one-to-one correspondence with the half-open interval
0,1).)

. Let A and B be any sets, and suppose f: A — B. Define a relation ~ on B

such that for any = and y in A, = ~ y if and only if f(z) = f(y). Show that
~ is an equivalence relation on A.

. Let ZT be the set of positive integers {1,2,3,...}. Define a binary relation

D on ZT such that for n and m in ZT, n Dm if n divides evenly into m, with
no remainder. Equivalently, nDm if n is a factor of m, that is, if there is a
k in ZT such that m = nk. Show that D is a partial order.

. Consider the set I x IV, which consists of all ordered pairs of natural numbers.

Since N x M is a set, it is possible to have binary relations on M x M. Such a
relation would be a subset of (N x N) x (N x I). Define a binary relation <
on M x N such that for (m,n) and (k,£) in N x N, (m,n) < (k, £) if and only
if either m < k or ((m = k) A (n < £)). Which of the following are true?

a) (2,7) < (5,1) b) (8,5) < (8,0)

c) (0,1) < (0,2) d) (17,17) < (17,17)
Show that =< is a total order on M x N,

. Let ~ be the relation defined on N x N such that (n,m) ~ (k, ) if and only

if n +#¢ =m + k. Show that ~ is an equivalence relation.

Fo




