Math 135, Fall 2019, Sample Answers for Homework 8

Exercise 10.1. Prove that 12422+ 32+ ... 4+ n?2 = w for all n € N.

Proof. We use proof by induction. For the base case, n = 1, the formula becomes 12 = %,
which is true.
For the inductive case, let k € N, and suppose that we already know that 12422432+ ..+ k2 =

w. We must that that the formula also holds for k + 1: 12 +22 4+ 32+ ... + (k+1)? =
(k41 ((k+1)+1)(2(k+1)+1)
6

. The left hand side of this formula can be written

P+22+ 324+ (k412 =1+ 2243+ + k) + (k+1)°
k(k+1)(2k +1

2k® + 3k* + k

6
2k® + 3k + k + 6k* + 12k + 6
6
_ 2k® +9k® + 13k 46
B 6

>+(k2+2k+1)

while the right hand side can be written

(E+D((k+1)+1)2k+1)+1)  (k+1)(k+2)(2k+3)
6 B 6
(k% + 3k + 2)(2k + 3)
6
2k3 + 6k? + 4k + 3k* + 9k + 6
B 6
2k 4+ 9K% + 13k + 6

6

Since the two sides of the formula are equal, we have proved that it holds for k£ + 1. O

Exercise 10.8. Prove%+%+%+---+ﬁ:1—ﬁforallnEN.

Proof. We use proof by induction. For the base case, n = 1, the formula becomes % =1- (1i1)!.

This is equivalent to % =1- %, which is true.

For the inductive case, let k € N, and suppose that we already know that %—l—%—i—%—i—- . -—I—ﬁ =

1-— ﬁ ‘We must show that the same formula holds for £ 4+ 1. But

l+3+§+ +—k+1 = l+3+§+ + i bl
20 31 4l (k+1)+1)!  \2! 3 4 (k+1)! (k+2)!

1 k1
= <1_(k+1)!>+(k+2)!

1 k+1
kD! k12 Rkt

:1—




k+2 k1
k+2) -kt ) T ht2) - E+1)
—~(k+2)+ (k+1)
k+2) (k+ 1)
-1
k+2) (k+1)
1
C(k+2)!
1
(k1 1)+ 1)

so the formula holds for &£ + 1. O

=1+

—1-

Exercise 10.10. Prove that 3 | (5*® — 1) for every integer n > 0.

Proof. We use proof by induction. For the base case, n = 0, we musth show that 3 | (5° —1). Since
5% = 1, this is equivalent to 3|(1 — 1), which is true because every non-zero integer divides 0.

For the inductive case, let k& = 0, and suppose that 3 | (5% — 1). We must show that 3 |
(52(k+1) —1). But

52(k+1) _ 1 —_ 52k+2 _ 1
=(5%.5%) -1
=(25-5%) -1
=(25-5%% —25)+25 -1
=25(5%F — 1) 4 24.

Since 3 | (5% — 1) by the induction hypothesis and 3 | 24, it follows that 3 | (25(5%% — 1) + 24).
That is, 3 | (52*+1 —1). So the theorem holds for k + 1. O

Exercise 10.18. We consider subsets of some universal set U. Prove that A UAsU---UA,, =
A NAyN---NA, for all n > 2 and all subsets A;, Ao, ..., A, of U.

Proof. We use proof by induction.

Base Case, n = 2: We want to show A; U Ay = A; N A, for all subsets A; and Ay of U. But
this is just DeMorgan’s law for sets, which we have already proved.

Inductive Case. Let k > 2 and suppose we already know that A; UAsU---U A, = A; N A N
---N Ay, for any k subsets of U. Consider any k + 1 subsets A1, As, ... Ag1. Then we have

AjUAs U UApyq = (A1UA2U---Ak)UAk+1
=A1UAU--- AN Aga by the n = 2 case
=A1NAsn--NA, N A by the inductive hypothesis

so the theorem is true for any k + 1 subsets of U. 0



Exercise 10.34. Prove that 3! +324+33 4+ ... 43" = 3n+21_3 for every n € N.

Proof. We use proof by induction. , ,
Base Case, n = 1: For n = 1, the statement becomes 3' = 32—_3 Since 32—_3 = % =
the statement is true for n = 1.

Inductive case. Let k > 1, and suppose that 3! +32 +3% + ... +3F = L;_?’ We must show

that 31—|—32—|-33_|_..._|_3k+1:3k+#But

|

= 3,

31432438+ 43 = (31 432+ 8% -+ 3F) - 3R

k
— <3+1_3) _|_3k+1

2
3k+1 —3492. 3k+1
- 2
3. 3k+1 -3
-
3k:+2 -3
-5
so the statement is true for n = k + 1. O
& 1 n
Extra Exercise 1. Prove that Z — = for all n € N.
—i(i+1) n+l
(a) Proof by induction. Base Case: When n = 1, the statement becomes ﬁ = ﬁll, SO
the statement is true for n = 1.
Inductive case: Let k¥ € N, and suppose that Zle ﬁ = kiﬂ we must show Zfill i(i}rl) =
k+1
m. But
P i(i+1) P i(i+1) (k+1)(k+1+4+1)
B k n 1
S \k+1 (k+1)(k +2)
 k(k+2)4+1
(k1) (k+2)
k2 42k +1
C(k+1D(E+2)
o (k+1)?
S (k+1)(k+2)
k+1
k+2
so the statement is true for n = k + 1.
(a) Direct proof. Note that + — ZJ%l = (2221_)1 = m, so we can write

n

3 LN S SRR SR
~i@i+1) 1-2 23 n-(n+1)




(- wm)

1 n +1
_(n+1)-1
N n+1
_n
Cn+1
" 1 —gpntl
Extra Exercise 1. Prove that Z rt = T for all integers n > 0.
—-r
i=0

(a) Proof by induction. Base Case: When n = 0, the statement becomes ¥ = 1{_2}, which
reduces to 1 = 1. So the statement is true for n = 1. .
. 1 .
Inductive Case: Let k > 0, and suppose that Zf:o rt = 1?_: . We must show Zfiol rt =
But

1—rkt2
1—r

k+1 k
E rt = rt| 4 kL
i=0

i=0
1— k+1
_ 171"74 4 phtl
1 — k4 (1 —p)phtt
- 1—r
11— phtl 4 opktl k2
1—r
1— T’k+2
o 1—7

so the statement holds for n = k + 1.

(a) Direct proof. Let S =", rt = 14r+r24r3+. . 4" Then rS = r+r2+r3+rt. . 4pnth
o +1 . . e e 1. . I
and S —rS =1—r""". Factoring § —rS = S(1 —r) and dividing by 1 —r gives § = *5——,
we wanted to show.

as



