Math 204, Fall 2020 Sample Answers for Homework #5

Problem 1. Decide whether each set of vectors is a basis for R®. Give a reason for your
answer. In some cases, the reason can be very short. In other cases, a calculation is required.

(

1\ /2
(a) 31.10
L\7 4
(/1 1 4
(b) 21, 11|,[5],]7
L \3 0 5
4 21\
(c) , 161,10
L \2 4 1/
(/1 2 3\ )
(d) 21,111,
\0 5)

Answer:

(a) This is not a basis because any basis of R? has exactly three elements. (Two vectors
cannot span R?.)

(b) This is not a basis because any basis of R? has exactly three elements. (Three vectors
in R? cannot be linearly independent.)

(¢) The second vector is two times the first, so the vectors are not linearly independent
and so cannot be a basis.

(d) One way to test whether three vectors in R? form a basis is to make the matrix whose
columns are the three vectors, and test whether the matrix is non-singular.

12 3 1 2 3
—2p1 + p2
2 1 4 _— 0 -3 -2
03 5 0 3 5
P2+ p3 bz 3
— 0 -3 -2
0o 0 3

Since the echelon form of the matrix has no row of zeros, the matrix is non-singular
and the vectors do form a basis.



Problem 2. Suppose that (V,+,:) is a vector space and U is a basis of V, where U =
(51,52, o ,ﬁn> Let D = (ﬁn,ﬁn,l, o ,51). (Then D is also a basis of V. It is a different
basis, since these bases are ordered.) For a vector ¥ € V, how does Rep,(¥) compare to
Repp ()7 Justify your answer.

Answer:
C1 Cn
S C2 " Cn—1 . ..
If Repy,(¥) = | | |, then Repp(¥) = ~|. That is, the representation is just
Cn C1

reversed top to bottom. Saying that Rep,,(¥) is as given above just means that
0151 + 0252 +oeee Cn—lgn—l + Cngn =

but since vector addition is commutative, it is equally true that
Cnﬁn + Cnflgnfl o oo+ 0151 =7

since that just changes the order of the terms in the sum. This second equation says that
Repp(?) is as given above. (The order of vectors matters in a basis.)

1 1 1 5)
Problem 3. The sequence B = < ol,111],]|1 > is a basis for R3. Let ¢ = | 7
0 0 1 3
Find Repg(?). (You do not need to prove that B is a basis.)
Answer:
1 1 1 5)
We have to find a,b,csuch thata |0 | +b| 1| +c| 1| =4 = | 7|, which equivalent
0 0 1 3
to the system of equations
a+b+c=5
b+c=7
c=3

This equation is already in echelon form and is easy to solve:

c=3 b=7—-c a=5b—-b—c
=7-3 =5—-4—-3
=4 =-2
-2
So, Repg(¥) = | b | = | 4



—_

Problem 4. Using the basis, B, from problem 3, suppose that Repgz(¥) = | 2 |. Find 4.
3

Answer:

The vector ¥ is equal to a linear combination of the basis vectors, in which the coefficients
are the coordinates from the representation vector. That is,

1 1 1 6
T=1|0|+2|1]+3[1]|=1]5
0 0 1 3

Problem 5. Let &5 be the vector space of polynomials of degree less than or equal to 3.
Let B be the basis of &3 given by

B={(1+z,0—2*1+2°2r— 2%+ 2°
Find Repg(3 — 4z + 422 + 23). (You do not have to prove that B is a basis.)

Answer:

We must find a, b, ¢, d such that
a(l+ ) +b(z — 22) +c(1 + 2°) + d(2x — 2° + 2°) = 3 — 4o + 42* + 23
This can be written as
(a4c)+(a+b+2d)x+ (—b—d)z* + (c+d)x* =3 — 4o + 42* + 27

This give the system of equations

a+c=3
a+b+2d=—-4
-b—d=14

c+d=1



We can solve this using an augmented matrix to represent the system

1 0 1 013 10 1 013
1 1 0 2 |—4 —p1+ P2 o 1 -1 2 |-7
=
0 -1 0 —-1| 4 0 -1 0 -1 4
0 0 1 1 1 0 0 1 1 1

10 1 0] 3
P2+ p3 01 -1 2|-7
R

00 -1 1|-3

00 1 1]1

10 1 0] 3
p3 + pa 01 —1 2|-7
—

00 -1 1|-3

00 0 2|-=2

Sowegetd =—-1,c=3+d=2,b=—-T+c—2d = -3, anda =3—-c=1. So,
1
-3
2
—1

Repys =



