Math 204, Fall 2020 Homework #6

This homework is due by noon on Tuesday, October 183,

Problem 1. Find the rank of each matrix:

1 03 5 2

1 3 -2 4 -1 21 -2 3

(a) 2 1 1 3 (b) 2 40 1 1
-1 2 -3 1 3 43 6 3

1 6 1 —1 4

Answer:

If we put the matrix into echelon form, the rank of the original matrix is just the number of
non-zero rows in the echelon form matrix.

(a)
—2p1 +
1 3 -2 4 oL 1 3 -2 4
pP1 + p3
11 ATE, 0 5 5 -5
12 31 0 5 -5 5
1 3 -2 4
+
LGN 5 5 -5
00 0 0

Since there are two non-zero rows, the rank is 2.

(b)
P1+ P2
—2p1 +
103 5 2 e 10 3 5 2
P1+ pa
-1 21 -2 3 B 02 4 3 5
pP1+ps5
2 4 0 1 1 _— 0 4 -6 -9 -3
3 4 3 6 3 0 4 -6 -9 -3
1 6 1 -1 4 06 —2 —6 2
—2p2 + p3
et i 10 3 5 2
_ 0 2 4 3 )
3p2 + ps
_ 0 0 —-14 —-15 -—-13
0 0 —-14 —-15 -13
0 0 —-14 —-15 -—-13
1 0 3 ) 2
—pP3+ P4
:/;3+pp5 0 2 4 3 )
— 00 —14 —15 —13
0 0 O 0 0
0 0 O 0 0

Since there are three non-zero rows, the rank is 3.



Problem 2. Suppose that h: R? — R? is a homomorphism that satisfies

1 0 0 3 0 1
h{O]|=1{2|, h|1]=(|-1], and R|[O| =2
0 1 0 0 1 3
-2
(a) Find A | 3 |. (Remember that h is a homomorphism.)
1
a a
(b) For any vector [ b | € R3, find h | b |, writing the answer in terms of a, b, and c.
c c
a a -1
(¢) Find a specific vector | b | € R such that h [ b ]| = | 0
c 2
Answer:
—2 0 3 1 10
(a) h 3 = *Qh(é»l) + 3h(€2) + h(gg) ==2(2]4+3|-1]+1|2]=1{-5
1 1 0 3 1
a 0 3 1 3b+c
(b) h | b | =ah(é1)+bh(éx)+ch(és)=a |2 +b|—-1]4+c|2]=|2a—b+2¢
1 0 3 a+3c
3b+c -1
(c) We just need to solve [ 2a —b+2c| = | 0 |. This is a system of equations that can be
a+ 3c 2
solved using row reduction.
0 3 1]-1 p1 < pa 1 0 3|2
2 -1 210 _ 2 -1 210
1 0 3|2 0 3 1]-1
21 + 2 L0302
s 0 -1 —4| -4
0 3 1 |-1
0 3 2
3p2 +
RUCIILCN 1 4| -4
0 0 -—11|-13
P2



—3p3 + p1 .

—4p3 + p2 100 Y

5 0 10|y

1

001 13
a —17

PR 17 8 3 1

Sothesolutlonlsa:—ﬁ,b:—ﬁ,c:%701« bl =41 -8
c 13

Problem 3. In class, we showed that the function from &3 to &5 that maps the polynomial p(z)
to the polynomial p(x — 1) is an automorphism of &3. Define the homomorphism h: Py — 25 by
h(p(z)) = p(2x + 5). (You do not have to show that this function is a homomorphism. Note that
it is defined on S5, not ¥s.)

(a) Show that h is bijective by finding an inverse function.
(b) Write out h(a + bx + cx?) as a polynomial in standard form (d + ex + fz?), where d, e, f are

expressed in terms of a, b, ¢).

Answer:

(a) h™'(q(z)) = Q(%(ﬂﬂ )) because h(h~'(q(x)) = h(g(5(z = 5))) = ¢(2(3(x = 5) +5) = q()
and b~ (h(p(z)) = h~(p(20 + 5)) = p(4((22 + 5) — 5)) = p(a).
(b) h(a + bxr + cz?) = a + b(2z + 5) + ¢(2z + 5)%) = a + b2z + 5) + c(4a? + 20z + 25) =

(a + 5b+ 25¢) + (2b + 20c)z + dex?.

a d
Problem 4. Define f: R* — R?* by f I; = Z Show by direct calculation that f is a
d a

homomorphism, and show that it is in fact an automorphism by finding its inverse.

Answer:

(1) Show that h(v) + v2) = h(v1) + h(U2):

ay a ay + az dy + do dq do ai as
by by b1 + by c1+c2 Cc1 Co b1 by
c1 + 2 c1+ ¢ b1 + by b1 + by c1 + ()
dq do dy + do aj + as al as dq do

(2) Show that h(r - 0) = r - h(¥):

1 ra rd d a
wl b _ rb _ | e _, c ik b
c re rb b c
d a d

rd ra



(3) Show that h is an automorphism. In fact, h=! = h because h | h

QU O >
Q@ o0
QU O >

Since h has an inverse, it is bijective, and hence is an automorphism.

Problem 5. Suppose that V., W, and X are vector spaces and that f: V — W and g: W — X
are homomoprhisms. Recall that the compostion, g o f, of g and f is defined to be the function
from V' to X given by go f(¥ = g(f(¥)) for ¥ € V. Show that g o f is a homomorphism. (This is
easy! Just check the two conditions for a function to be a homomorphism.)

Answer:

(1) Let 01,75 € V. Show that go f(0h + U2) = go f(vh)+ go f(¥a):

go f(Uh + 1) = g(f(th +2)) = g(f(th) + f(¥2)) = g(f(¥1)) + g(f(¥2)) = go f(v) + go f(v2)

(2) Let ¥ € V and r € R. Show that go f(r-9) =r-(go f(?)):

go f(r-v) =g(f(r-0) =g(r- f(¥) =7r-g(f(¥)) =7r- (g0 f(7))



