
MATH 2001
QUIZ 5 INSTRUCTIONS

Work in groups of up to three people to give a complete proof for the following theorem.

Theorem. Let B, C, and D be sets. If C 6= ∅ and B × C ⊆ C ×D, then B ⊆ D.

Points are awarded as follows:

• (1 pt) Name(s) in the top right corner.

• (1 pt) Writing is neat and legible.

• (1 pt) Each relevant and correctly stated definition.

• (7 pts) Complete sketch of the proof (optional, but recommended).

• (Remaining points, up to 14) Complete proof: introductory statements, all statements are
complete sentences, every statement is justified appropriately, etc.

This quiz is out of 16 points. So, for example, if you state two relevant definitions and sketch a
complete outline, then I will grade your written proof out of 4. If you just give me a proof (no
definitions, no outline), then I will grade the proof out of 14.

You may use the space below for scratch work.

Write your final proof on the other worksheet.

Date: February 23, 2016.
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MATH 2001
QUIZ 5

1. Write your name(s) in the top right corner.

2. Write is neatly and legibly.

3. Prove the following theorem.

Theorem. Let B, C, and D be sets. If C 6= ∅ and B × C ⊆ C ×D, then B ⊆ D.

There are several approaches to proving this statement, so I will give two arguments.

Proof. Let B, C, and D be sets, and suppose that B × C ⊆ C ×D and C 6= ∅. We prove
that B ⊆ D by showing that if x ∈ B, then x ∈ D.

Suppose x ∈ B, and since C 6= ∅, let y ∈ C. Then by the definition of Cartesian product,
(x, y) ∈ B×C. Therefore, (x, y) ∈ C×D by the definition of subset and since B×C ⊆ C×D.
Thus by the definition of Cartesian product, we conclude that x ∈ C and y ∈ D.

In particular, we now have x ∈ B and x ∈ C, and so (x, x) ∈ B × C. So by a similar
argument, (x, x) ∈ C ×D, and therefore x ∈ D. Thus we have shown that if x ∈ B, then
x ∈ D, whence B ⊆ D by the definition of subset. �

I’ll now give a second argument, which judging by class today, will likely be a closer
match to the proof your group wrote.

Proof. Let B, C, and D be sets, and suppose that B × C ⊆ C ×D and C 6= ∅. We prove
that B ⊆ D in two steps: we prove that B ⊆ C and C ⊆ D, and from this we conclude that
x ∈ B ⇒ x ∈ C.

We will prove that B ⊆ C and C ⊆ D simultaneously by showing that x ∈ B ⇒ x ∈ C and
y ∈ C ⇒ y ∈ D.

Suppose that x ∈ B and y ∈ C. Then (x, y) ∈ B×C by the definition of Cartesian product.
Since B ×C ⊆ C ×D, we have (x, y) ∈ C ×D by the definition of subset. Therefore x ∈ C
and y ∈ D by the definition of Cartesian product. Thus we have shows that x ∈ B ⇒ x ∈ C
and x ∈ C ⇒ x ∈ D. So by the definition of subset, B ⊆ C and C ⊆ D.

To finish off the proof that B ⊆ D, suppose that x ∈ B. Then x ∈ C since B ⊆ C, and so
x ∈ D since C ⊆ D. Thus B ⊆ D by the definition of subset. �

Remark. Why is it important that C 6= ∅? Well, because the theorem is false if C = ∅,
and that is a quiz question. But what about the other sets, B and D?

If B = ∅, then the conclusion of this theorem is automatically satisfied: if B = ∅, then
B ⊆ D since ∅ is a subset of every set.

What if D = ∅? The theorem holds, but this is a great question which will take a bit of
work to resolve. The argument requires a proof by contradiction (which we will see later this
semester), so I won’t give it here, but the basic gist is as follows. If D = ∅, then B = ∅,
and so we are back in the previous case.

Since these cases weren’t addressed in the proofs above, are the proofs complete? No. These
cases where B = ∅ and D = ∅ should be addressed in the proofs as well. In hindsight, I
should have stipulated that all of the sets are non-empty to avoid these extraneous cases.
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Edit: Actually, D = ∅ is not a concern. If C 6= ∅, then D 6= ∅.
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