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38.6 Extra Fun: The Indeterminate Forms 1%, oo, and 0°

Some of the most interesting limits in elementary calculus have the indeterminate
forms 1%, 00, or 09, All of these indeterminate limit forms arise from functions that
have both a variable base and a variable exponent (power). For example, consider

lim x* Form: 0°
x—0t
l X
lim <1 + > Form: 1%
X—00 X
lim x!/%) Form: oo’
X—00

We will use logs and 'Hopital’s rule to simplify some of these limit calculations.

General Form The general form of all of these limits is }1(13}1 [f(x)]8X) = y. To

simplify these limits we use the natural log to undo the power. If the eventual limit
is y (which is unknown to us—it’s what we are trying to find, then

y = lim [F(x)s0.

X—a

We take the natural log of both sides—here [f(x)]8(*) is assumed to be positive.

Iny = In(lim[f(x)]8®))

xX—a

As long as f(x) and g(x) are continuous, we can switch the order of the log and
the limit and use log properties

=i 8(x)
Iny = lim In([f(x)}$*)
Iny = lim g(x) In((x))
At this stage we typically use 'Hopital’s rule to find the limit, call it L. Then Iny =
L so we must have y = el. Let’s look at some examples.

EXAMPLE 38.7. Determine lirgl+ (2x)*. Notice that this is a 0° form.
X—

SOLUTION. Lety = ling+ (2x)*. We want to find y. Using the log process above,
X—

Iny = In( lim (2x)%)
x—0F

Iny = lim In(2x)*

ny = Jig, In29

Iny = lim xIn2x

x—0*

. In2x

Iny = lim ——

x—0+t =

X

2

I'H . %
Iny =° lim -2
=0t — =

X

Iny = lim —
ny ngOEr *
Iny =0.

But Iny = 0 implies y = ¢’ = 1. So lir61+(2x)x =y =1. Wow!
xX—

1 X
EXAMPLE 38.8 (Critical Example). Determine lgn (1 + ;) . Notice that this is a 1®°
X—00

form.
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1 X
SOLUTION. Lety = xh_r)rolo (1 + ;) . We want to find y. Using the log process,

1 X
=In {lim (l+ 7> }
X—»00 X

Iny
Iny

Iny

Iny

1 X
ButIny = 1 impliesy = ¢! =¢. So xlgrolo (1 + ;) =y = e. Double Wow!! In fact, in

1 X
= lim In (1 + 7)
X—0c0 X
. 1
= lim xIn(1+ —
xX—00 X
In (1 + %)
X— 00 =
X
1 1
g . 141 <_?
=" lim £ T
—00 _?
= lim T
X—r00 1 + x

some courses you will see that e is defined this way.

EXAMPLE 38.9 (Critical Example).

Determine lim x
X—00

1/x

. Notice that this is a co® form.

SOLUTION. Lety = li_r)n x1/¥. We want to find y. Using the log process,
X—00

Iny = In lim x'/*
X—00

Iny = lim Inx!/¥

Iny = lim 1lnx

X—00 X
iny = lim
v 1
Iny = lim 7
Iny = % =

But Iny = 0 implies y = ¢” = 1. So lim x1/¥ =y = 1. Neat!

EXAMPLE 38.10. Determine li_r>n (e + x)z/ *. Notice that this is a " form again.
X—00

SOLUTION. As usual let y = limy ;o (¢* + x)%/%, s0
_ : x 2/x
Iny = In lim (e* +x)

Iny = lim In (e*+x)

Iny = xh_r& % In(e® + x)

2In(e*
lny: 1i M
— 00 x
e +1
I'Ho .. eT¥x
Iny =" lim 24
41
Iny = lim 2ex+
x—oo X 4+ x
1 e*
Iny = i 2
, X
lnylgo lim 25

2/x

LIMITS: L’'HOPITAL'S RULE 6
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But Iny = 2 implies y = €?. So lim (" + ) =

EXAMPLE 38.11. Determine 111121+ [5(x — 2)]* 2. Notice that this is a 0 form.
X—

SOLUTION. Lety = lin21+ [5(x — 2)]* 2. We want to find y. Using the log process
X—

above,

Iny = ln(xliﬂrgl+ [5(x —2)]%2

Iny = lim In[5(x —2)]¥ 2

x—2+

Iny = XILIE1+(X —2)In[5(x — 2)]

Iny = lim 5(x—2)]
x—2+ _1_
x—-2
I %
Iny = lim —*=
x—27F (x—12)2

X

ButIny = 0 impliesy = ¢ = 1. So lim [5(x —2)]* 2 = y = 1. This is becoming

x—2+
routine.

YOU TRY IT 38.3. Here’s a great problem to see if you have mastered these ideas. Determine
Determine lim [sin(x)]".
x—0*

38.7 Indeterminate Form oo — oo

This situation arises when both f(x) and g(x) are functions going to infinity as

x — a. Since the functions can approach infinity at very different rates, we cannot
say for sure what such a limit will be—and we certainly cannot conclude that the
limit is 0! Some examples will illustrate this.

. . 4
EXAMPLE 38.12. Determine lim — —
—1txr—1 x—1

as x — 17 since the denominators in each are going to 0.

. Notice both terms are going to 4o

SOLUTION. For this first one we begin by using a common denominator and then use
I"'Hopital’s rule. (Do you see why 1"'Hopital’s rule applies?)

m 2y A2t DrRe 22 -2

— im
xo1ra2—1 x—1 x51v x2-1 X1+ 2x 2
That was easy.

EXAMPLE 38.13. Determine xh_r>n In(6x + 1) — In(2x + 7). Notice both terms are going
to +o00 as x — oo.

SOLUTION. For this first one we begin by using a common log property then switch
the limit and the log (continuity) and then use 1'Hopital’s rule. (Check that 'Hopital’s
rule applies at the appropriate time.)

lim In(6x+1) —In(2x +7) = lim In (6x+1) =In (lim 6x+;> "Ho 1 1im 6

x—00 x—00 2x+7 x—vo0 2x + X—vo0

=1In3.

Not bad.

LIMITS: L'HOPITAL'S RULE 7

Answer to you TRy IT 38.3 : 1. Hint:
Use I'Hopital’s rule twice.



MATH 130, DAY 38 LIMITS: L'HOPITAL'S RULE &

4 4
EXAMPLE 38.14. Determine lim —— — ——. Notice both terms are going to +oo as
=1+t Inx  x—1

x — 17 since the denominators in each are going to ot.

SOLUTION. For this first one we begin by using a common denominator and then use
I"'Hopital’s rule. (Check ’'Hopital’s rule applies when used.)

.4 4 _4(x—1)—4Inx rHo —1
lim — — —— = lim ——~2——" "= lim
x—1tInx  x—1 x51+ (x—1)Inx x—1+ Inx + xx;l

4x—4

: X
xli}rﬁL xInx+x—1
X

4x — 4
= lim ———
=1t xInx+x—1
I'Ho im 74
o1t Inx + 3 +1
_ 4
T 0+1+1

=2
That was not so easy.

1 Vx—2
EXAMPLE 38.15. Determine lim ———— —
3515 x—3+x2—9 x2-9

as x — 31 since the denominators in each are going to ot.

. Notice both terms are going to 400

SOLUTION. The common denominator this time is obvious. Eventually use 1"'Hopital’s
rule. (Check 'Hopital’s rule applies when used.)

. 1 Vx—2 . 1*\/X*ZI’H0 . T 2/x2 _% 1
llm — = llm —_— = llm —_— = — = ——.
=3+ x2 -9  x2-9 yx.3+ x2-9 X3+ 2x 6 12

EXAMPLE 38.16. Determine xh_r}n 2In(x 4 1) — In(2x? + 7). Notice both terms are going
to o0 as x — oo.

SOLUTION. For this first one we begin by using two log properties then switch the
limit and the log (continuity) and then use 1'Hépital’s rule. (Check that I'Hopital’s
rule applies at the appropriate time.)

. B 2 _ 2 2
)}gr(}OZIn(x +1)—In2x*+7) = xlgrgo In(x 4+ 1) — In(2x~ +7)

= 1i_r>n In(x> +2x+1) —In(2x* +7)
X—00

. x24+2x+1
=limIn| ————
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38.8 Problems

1. Some interesting limits. Answers not in order: o, o, o, %, In4, 1,1, 2, €2, ek, +00, —c0, and
—6,
. cos4x — cos2x Loef—1—x .
e - S ) T
. 2 _x . cosx . _
(d) xlgglox e () xlgg+ 2 ) Xlggo[ln(élx +9) —In(x+7)]
lim (3x)" B lim (1+20Y% @) lim (1+%)
() lim (31) (0 Jim (1420 @) lim (1+%)
arctan 4x sin4x x2+1
) lim ——— k) li D 1
0) xlg}) sin 2x *) xli% 3secx 0 xg% 1—x

2

(m) lim (;)x

x—0F

LIMITS: L'HOPITAL'S RULE ¢
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38.9  Solutions

1. Make sure to check those stages at which 1"'Hopital’s rule applies.

. Cos4x —cos2x 1'Ho ,. —4sindx+42sin2x 1'Ho ,. —16cos4x +4cos2x
(@) lim ————— =" lim = lim =
x—0 x2 x—0 2x x—0 2
-16+4 6
2 = —0.
(b) lim - l-xrHo lim ¢ —1 1Ho lim e 1
x—0 x2 - x—0 2x o x—0 2 o
2Inx v 2 2
(¢) lim 2xInx = lim il S T = lim — = = lim —2x =0.
x—07" x—07T > x—07T -2 x—07" X x—0*
2
’ 2x v 2
@ lim 2% = lim = "2 lim 2 "H0 i 2 — 0 e, — 2)
X—r00 x—o0 X x—oo X x—ro0 X ©
. COsXx 1 SrA et 1y
(e ,}g{ﬁ -2 o ~+oco. 'Hopital’s rule does not apply.

. . dx+9\ . 4x+9)\ rHo 4
) xh_r}r0101n(4x+9) —In(x+7) = xh_r}l(}oln< x—|—7) =In (hm +7) = In lim 1
=1In4.
(g) Lety = lin01+(3x)x. We want to find y. Using the log process,
xX—

In = In( lim (3x)*
n =In( lim (3v)")
Iny = lim In(3x)*
ny = g, (3

Iny = lim xIn3x

x—0*

. In3x

Iny = lim —

x—0t =

X

3
I'H . 3x
Iny =° lim 3"1
=0T — =
X

ButIny = 0 implies y = ¢ = 1. So lim (3x)* =y = 1.
x—0+
(h) "1%": Lety = lim (1+2x)"%, so
x—0*
Iny =In lim (1+2x)"*
x—0*
1/x

Iny = lim In (14 2x)
x—0*

1
Iny = lim —In(1+2
ny = lim 2 in@+2)
In(1 + 2x)

x—0+ X

But Iny = 2 implies y = €*. So lir(r)l+ (142x)1* = 2,
X—

() "1®": Lety = lim (1+kx)/*, so
x—0*
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Iny =In hm (14 kx)/*

Iny = lim 1n(1+kx)1/x
x—0F

1
Iny = lim —In(1+k
ny = fig, 3 in(l 4k

In(1
x—0* X
kk
1 o li 1-+kx
R
k
Iny = 1
Iny =k.
But Iny = k implies y = k. So lim (1+ kx)l/x =
x—0F
arctan4x I'H, T 1
) lHm S PO iy Atlext T o
» x50 sin2x x—02cos2x 2
in 4
(k) 31(_)0 E’fl:e r g = 0. 'Hopital’s rule does not apply.
412
() lLim — — : —o0. I'Hopital’s rule does not apply.
x—1+ 1—x 0

2

w0, T 1)\"
(m) "oo .Lety—xlgg+(x) , SO

1
Iny = lnqcli)r(r)\+ (;)
Iny = hm In (%)
iy = tim 21n()
—Inx
iy =
1
lnylHO lim —%
x—0t — %5
X3
3
X
iy = oy 5
%2
lny o XILIBL 2
Iny =0.

2

Butlny = 0impliesy =1. Soy = lim (7)3( =1

x—0+ \¥



