Graphing Rational Functions

Let’s use all of the material we have developed to graph some rational functions.

EXAMPLE 37.11. Graphy = f(x) = "ZJFE’*ZX’?’ Include both vertical and horizontal
asymptotes.

SOLUTION. First determine the domain: f(x) is rational and is not defined where the
denominator is 0. That’s at x = 0. This leads us to look VAs, RDs, and HAs
VA: SInce the function is not defined at x = 0, we look to see if there is a VA there.

-3 -3
/Z—H T\—\
3x—3 3x—3
lim x+72x = —oc0oand lim Hizx = —o0;s0 VA at x = 0. You may wish
x—0* X x—0~ X
~—
o+ o0+
to indicate the VA in your graph at this point.
2 3x —3 2
HA and End Behavior: Using dominant powers, lim Hizx = lim x—z =1
X—4o00 X X—>+00 X
2 2
3x—3
and lim G g lim - =1.So0 HA at y = 1. You may wish to indicate the
x> —00 x2 x5 —c0 x2

HA in your graph at this point.

Critical points, local extrema, increasing/decreasing behavior.
F(x) = (2x+3)x2 — (x* +3x—3)2x _ (2x2+3x—3) —2(x>+3x—3) —3x+6
= i = =
X
0 at x =2 (and x = 0 NID).

x3 x3

Inflections and concavity.
3x3 — (—3x+6)3x2  —3x—(—3x+6)(3) 6x—18

1" _ _ o o
fix) = 6 A = =0atx =3 (and
x = 0 NID).

Evaluate f at key points. f(2) = #8=3 = 7, £(3) = 233 = 3.
Notice that the inflection is almost imperceptible in the graph.
— 4-6-3

We will need another point to graph when x < 0. f(-2) = === = —1.25.

f//
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EXAMPLE 37.12. Graphy = f(x) = XX—_Z4. Include both vertical and horizontal asymp-
totes, if they exist.

SOLUTION. Notice that x = 4 is not in the domain. Check there for a VA.

16 16
N N
2 22
VA: lim = 400 and lim = —o0; s0 VA at x = 4.
x—4+ X — 4 x—4— X — 4
——
0+ 0-
2
HA and End Behavior: Since the function is rational, using dominant powers, lirJrr1 P =
X—+oo X —

2

xgr};loo 1—-4/x +ooand xglzloo x—4 xjrgw 1—-4/x
but we do know what is happening at either end.

= —o0. So there are no HAs,

Critical points, local extrema, increasing/decreasing behavior.

_4) — 42 2 _ _
f’(x):2x(x 42 8 x(x—8) 0,8 (and x — 4 NID).

=492 (x-42 (x—47
Inflections and concavity.
() = (2x —8)(x —4)> — (x* —8x)(2)(x —4) _ (2x—8)(x —4) — (x* —8x)(2)
(x —4)* (x—4)
2x% — 16x + 32 — 2x% + 16x 32
( —ap ) = 4y # 0 (but x = 4 NID). So there are no
inflections. But the concavity may still switch on either side of x = 4.

Evaluate f at key points. f(0) =0 and f(8) = % = 16.

|

. |

Si25 . |

. |

|

|

. |

So15 - . |

RMax : |

f' +++ 0 ——=-NID—-—-—  +++ S :

I T T i

Inc g Dec 4 Dec g Inc : :

;,5._‘ .

. |

|
f’ -—- NID +4++ 1 I 1
T . . 4 8 12

Conc Dn 4 Conc Up I |

X X |

|

|

. |

.15 - - |

EXAMPLE 37.13. Graphy = f(x) = xz—fz Include both vertical and horizontal asymp-
totes.

SOLUTION. This time x = —2 is not in the domain.

—4 -4
2 2
VA: lim A —ooand lim X +00; s0 VA at x = —2.
x——2+ X +2 x——2+ x+2
—— N~
0+ 0-
2 2 2
HA: Using dominant powers, lim Y _ lim 2 = 2and lim Al
xS too x + 2 xS too X x——co x + 2

lim 2—x:2. SoHA aty = 2.

X——00 X

Critical points, local extrema, increasing/decreasing behavior.
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by 2x+2)—-2x 4 _
fi(x) = Gr22  C Gr2e # 0 (and x = —2 NID).

Inflections and concavity.

1 78
f (x) = m # 0 (and x=-2 NID).

A

GRAPHING WITH ASYMPTOTES, II

Evaluate f at key points. There are none! Choose on each side of VA. f (lb) = 0and
|
|
|
|
|
|
f ++4++  NID +++ N T N
T P
Inc _2 e - - B : I S : : - :
. | :
; ) ] . ] I ] I . I
o=l =B =3
i +++ NID ———— T S
i |
cu -2 ¢ I _3

2x

EXAMPLE 37.14. Graphy = f(x) = ran

totes.

Include both vertical and horizontal asymp-

SOLUTION. VA: None, the denominator of this rational function is never o.

2 2 2
HA: Using dominant powers, lim 5 AR im X lim £ = 0and
x—+4oo x-+1 x—400 x2 x—+oo 1
2 2 2
im *_— lim 5 = lim % =0.So0HA aty =0.
x——00 x24+1 x5-c0x2 x5-c0
Critical points, local extrema, increasing/decreasing behavior.
2(x%4+1) — (2x)2x 2 —2x2
"(x) = = =0atx=+1.
f(x) (2 11)2 (Z11)2 atx
Inflections and concavity.
Fl(x) = —4x(x%4+1)% — (2 —2x2)2(x> + 1)2x _ 4x3 —12x _ 4x(x% - 3) —0at

(X2+1)4 (x2_|_1)3 (x2+1)3
x=0,+V3.
Evaluate f at key points. f(1) = 1, f(=1) = —1, f(0) = 0, f(/3) = ? ~ 0.866 and
F(—=v3) = = ~ —0.866.

RMin RMax
-———=0 ++ 0 ———
!
f T T '
Dec _1 Inc 1 Dec
T T T T
INF INF INF —(3)1/2 1 1 3172
——=0 ++ 0 —— 0+ ++
" —
f w w w 1
CD7(3)1/2 CU 0 CD 31/2 CU

x—

EXAMPLE 37.15. Graphy = f(x) = %, where x # 1. Include both vertical and
horizontal asymptotes.

SOLUTION. The function is not defined at x = 1.
1 1

N AN
. 2x2 . 2x2
VA: Look near x = 1. lim 5 = F® and lim ——— = Fo.
x—1+ (x — 1) x—1- (x — 1)
S—~— S——

0+ 0+

11
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HA: Using dominant powers,

P . T Y
ot (x —1)2 x5t x2 —2x+1  x=tw x2
and ) )
. 2x . 2x
A aoe T M TR
SoHA aty = 2.
Critical points, local extrema, increasing/decreasing behavior.
dx(x —1)2 — (262)2(x —1)  4x? —4dx —4x? —4x
/ = = = =0atx=0,x=1
S -1 Go1F aopp  0MEO0R
NID.

Inflections and concavity.

noon  —4(x—1)3—4x(3)2(x —1)>  —4x+4+12x  8x+4 _
f'(x) = =1)s = Taoip o)y =0atx=-1/2,

x =1 NID.

—1/2) = 2/9 and we need a point when x > 1

Evaluate f at key points. f(0) = 0, f(
=18/4 =4.5.

on the other side of the VA: f(3)

RMin INF
- 0 ++ NID—--— - 0 ++ NID +++
f/ f//
I I I I
Dec o Inc 1 Dec CD ~1/2 CU 1 CuU
I
|
I
|
I
|
______________ S
- |
|
\‘\ I
I I
-05 1.0

EXAMPLE 37.16. Graph y = f(x) = ;, where x # £2. Include both vertical and
horizontal asymptotes.

SOLUTION. The function is not defined at x = +2.
2 2

fgc\ =
VA: Look near x = 2. lim > = +ooand lim > = —o0. Now look near
x—=2F x° — x—=2+ x* —4
——— ——
(Vas 0-
-2 -2
X X
x=-2. lim ——— =+ and lim - = —™ VAs: x = £2
x——2t x—4 x——2-x-—4
M\,—J M\,—J
0~ o+

HA: Using dominant powers,

. X . X .
lim > = lim - = Iim — =0
x—400 x4 —4  x—toox x—400 X
and
. 1
im — = lim —=0
X——00 X< — xX——00 X

SoHA aty = 0.
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Critical points, local extrema, increasing/decreasing behavior.
2 2 2
, X —4—2x —x-—4
= = 0, x = +2 NID.
fO) =@z ~ @ 7 0F

Inflections and concavity.
noon o —2x(x2—4)2+ (x24+4)2(x2 —4)(2x) 223 4+8x+4x>+16x

o = EERE BT
2x% +24x  2x(x? 4 12)
(2 —4)p (x> —4)

Evaluate f at key points. f(0) = 0, and we need a points when x > 2 and x < —2 on
the far side of the VAs :f(3) = 3/5 and f(—3) = —3/5.

=0atx =0, x =42 NID.

Inf
——— NID ——— NID —-—- -—= NID + 0 — NID +++
! 1"
f I I f T T T
Dec _p Dec 2 Dec DN _2UP o DN , up

I |
| |
| |
| |
| |
| |
| |
| |
| Inf e —_—
-2

|

il

YOU TRY IT 37.1. Here is information about the first and second derivatives of a function
and its vertical and horizontal asymptotes. Sketch a function that satisfies these condi-
tions. Indicate on your graph which points are local extrema and which are inflections.

NID means the point is “not in the domain” of the original function. Let f(0) = —1 and
lim, 1+ f(x) = 400, lim,_,1- f(x) = —00, limy_y 4o f(x) =1, and limy—, oo f(x) = +o0.
- 0 —— NID —— +++ 0 —— NID ++
f! w w f w w

0 1 0 1



38
Indeterminate Forms and I"Hopital’s Rule

Most of the interesting limits we have seen so far have had the form § or & and
we have had to do “more work" to evaluate them. This work might have been
factoring, using conjugates, using known limits or dividing by the highest power
of x. We will now introduce another method of “work" that helps us deal with
these limits.

Remember that we say that such limits have indeterminate form. We start with
three types:

1 9 limxz_4
0 x—=2 x—2
2x2 —4

. . 1 -X
3. and a new type 0 - co: JCI% xe

There are other types, as well. The new method is called
THEOREM 38.1 (I'Hopital’s Rule). Let f and g be differentiable on an open interval I contain-
ing ¢ (except perhaps at ¢ itself). Assume that ¢’(c) # 0 (except perhaps at ¢). IF

(a) both %gn}f(x) =0and Jlclﬁmcg(x) = 0 OR both ,l(lg};f(x) = oo and Jlclﬁmcg(x) = too

AND

!
(b) both Tim £ ,(x)
x—c ¢'(x)
THEN

x—e g(x)  xoc gl (x)’
This also applies to one-sided limits and to limits as x — oo or x — —o0

lim fx) = lim f’(x)

EXAMPLE 38.1. We could evaluate the following indeterminate limit the old way:

2 _ 40 _
lim > v lim (x=2)(x+2)

=limx+2=4
x—2 X — o x—2 x—2 x—2

But we could also use 1'Hépital’s rule:

2 _
limx 4:limz—x:4
x—2 X —2 x—2 1

which is pretty easy. Similarly for an indeterminate form of 37, consider

i 2x2 — 47" i 2 _ 2
xgrolo 3x2+9\w 7xgroloa 3

This technique can be applied to problems where our old techniques failed. Try
these
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1—x7" -1

1. limix :limT =lim —x=-1

r—1 In X\O x—1 = x—1

X

o1 —c:os?axf0 . 3sin3xf0 . 9cos3x 9
2. 11m72:11m7:hm7:7

x—0 Zx\o x—0 4X\0 x—0 4 4

X2 4 x/O . 2x+1 2
3. im ———— = lim =-=2

x—0 6\ x—0 e* 1

1

im 3x2 +7x""
b2 1 11,

i 7x2/7m
> xglc}o ex\m

o Inx””
6. lim .

X— 0 e\‘oo

Inx/"" 1

7. 1 nr im % =0

X—00 x\ x—oo 1

1 - 1

8. lim ——— = lim —*- = lim — =0

x—0t = x—0t — = x—0t —1

X N\t x2

GRAPHING WITH ASYMPTOTES, II

The Indeterminate Form: 0 - co. Now here’s an application to the a new type of

indeterminate form: The limit lim xInx has form 0 - co. Rewriting it we can apply

x—0t

I'Hoépital’s rule.

, Inx”™ o
9. lim xInx = — which we just did in #8
x—0t =
X N\yeo
Try these
10. lim % ¥ =
X— 00

11. lim;HOOXSin(%) — 00 - 0. But

0
o _sin(d)77 —Lcos(1)
lim xsin(y) = lim — = lim i =
X—00 X—00 = X—00 — =
XN\ x?

12. lim, e xtan(d) =

EXAMPLE 38.2. Graph y = f(x) = 2% Include both vertical and horizontal asymp-

totes.

SOLUTION. HA: Use I'Hopital’s rule:

2x +e*

lim = lim = lim
x—+oo ¥ x—+o0  e¥ x— 400 X
So HA aty = 1. Also
2x4e) "
im &7
xX——00 e Nt

(24eY)e* — (2x+x)e*  (24¢Y) — (2x+¢€Y)

2+ e I e

2—2x

=0atx=1.

fl(x) = ()2 = ox =

=2 —(2-2x)¢" —2—-(2-2x) —4+42x
- (Ex)2 - ex - ex

f(x)

=0atx =2.

15
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Evaluate f at key points. f(1) = ¢ ~ 1.736 and f(2) = 4?—262 ~ 1.541.

R Max Inf
++++ 0 —-——-— - ——— 0 +++
f/ N f// N
Inc 1 Dec Down 2 ur
R Max

Inf

GRAPHING WITH ASYMPTOTES, II

16



