MATH 131, TECHNIQUES OF INTEGRATION V

7.3 A Complication: Higher Degrees

The first complication that arises is is that the denominator of the rational function
may factor into three or more distinct linear factors. The solution method works
the same way as above, but it may be more complicated to find the constants.
EXAMPLE 7.3.1 (Partial Fractions: Three Distinct Linear Factors). Determine
2x* —6x +2

/ a2 pox
Solution.  Check that this is not quite a substitution integral. However, the
degree of the numerator is less than the degree of the denominator (2 < 3)
and the denominator factors into distinct three linear factors: x(x? — 3x +2) =
x(x —1)(x — 2). We form the partial fractions with a different constant for each
linear factor:

2x2 —6x +2 2x*—6x+2 A B C
s ==+ —+
—3x24+2x x(x—1)(x-2) x x—-1 «x-2

_ A(x—l)(x—Z) + Bx(x —2) +Cx(x—1)

—3x2 +2x
Ax —3Ax~|—2A+Bx —2B+Cx? —Cx
—3x2 +2x
Compare like terms in the numerators of the first and last functions.
x¥'s: 2 = A+B+C = 1 = B+C
x's: -6 = —-3A-2B-C = -3 = -2B-C
const: 2 = 2A =>A=1 -2 = -B

Notice that we used the value A = 1 to simplify the first two equations. It follows
that B =2 and C = —1. The integration becomes:

/Zx —6x+2 _/
3x2 4 2x

YOU TRY IT 7.3. What would the numerator in the original integral have to be to make the
problem a substitution problem?

1
2dx:1r1|x|—i—21n|x—l|—ln|x—2|—i-c.

EXAMPLE 7.3.2 (Partial Fractions: Three Distinct Linear Factors). Determine
2
/ : ;%x dx
Solution.  Check that this is not a substitution integral. However, the degree of
the numerator is less than the degree of the denominator (2 < 3) and the denomi-
nator factors into distinct three linear factors: x(x?> — 1) = x(x — 1)(x + 1). We form
the partial fractions with a different constant for each linear factor:

X +4x—-1 A B C A(x? —=1) + Bx(x+1) +Cx(x — 1)
x3 —x :;+x—1+x—|—1: x3 —x
_ Ax>— A+ Bx?4 B+ Cx* — Cx
N x3 —x '

Compare like terms in the numerators of the first and last functions.

x%’s: 1 = A+B+C = 0 = B+C
x’s: 4 = B-C = 4 = B-C
const: —1 = —A =A=1 4 = 2B
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Notice that we used the value A = 1 to simplify the first two equations. It follows
that B = 2 and C = —2. The integration becomes:

2
x“+4x—1 1 2 2
——dx= | -+ —— — =1 21 —1] =21 1
/ x3—x ax /x+x—l x—i—ldx n x| +21In fx 1| nlx+1f+e
x—1
=1 21 .
n|x| + nx_l_l‘—l—c

EXAMPLE 7.3.3 (Partial Fractions: Three Distinct Linear Factors). Determine

/ 4x +28 dx
(x+1)(x2—4x+3)

Solution.  Check that this is not a substitution integral. However, the degree
of the numerator is less than the degree of the denominator (1 < 3) and the
denominator factors into distinct three linear factors: (x + 1)(x? — 4x +3) =

(x +1)(x —1)(x — 3). We form the partial fractions with a different constant for
each linear factor:

4x 4 28 A B C A(x?> —4x+3)+B(x? —2x —3) + C(x? - 1)
G+1(2—4x43) x+1 x—1 x-3 G+ 1)(2—4x+3)
(A+B+C)x*>+ (—4A —2B)x +3A—-3B—C

(x4+1)(x2 —4x+3) '

Compare like terms in the numerators of the first and last functions.

x2’s: 0 = A+B+C = (C=5
x’s: 4 = —4A-2B = A=3

const: 28 = 3A—-3B-C

Add all: 32 = — 4B = B=-8

The integration becomes:

/ 4x +28 dx_/ 3 8 , 5 .
(x+1)(x2—4x+3) ~ J x+1 x-1 x-3
=3In|x—1|—8In|x+1|+5In|x —3|+¢

YOU TRY IT 7.4. What would the numerator in the original integral have to be to make the
problem a substitution problem?

WEBWORK: Click to try Problems 119 through 120. Use GUEST login, if not in my course.

7.4 A Second Complication: Repeated Factors

Another complication that can arise is that the denominator of the rational func-
tion factors into linear factors, but the factors are not distinct. That is, there are
repeated linear factors. The solution in this situation is to include a term for every
power of every linear factor that divides the denominator.

EXAMPLE 7.4.1 (Partial Fractions: Repeated Linear Factors). Determine
/ 3x2 —7x +2

x3 —2x2 4+ x
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Solution. This is not a substitution integral. However, the degree of the numera-
tor is less than the degree of the denominator (2 < 3) and the denominator factors
into repeated linear factors:

x(¥*—2x+1) =x(x—1)(x = 1) = x(x — 1)~

We form the partial fractions with a different constant for each power of each

factor that divides the denominator. Note: There are terms for both x — 1 and
(x — 1)%. Warning! Look very carefully at the numerator in the step where the
common denominator is formed.

3x2—7x+2 A B C  A(x—12+Bx(x—1)+Cx
x(x—12  x x—1+(x—1)27 x(x—1)2
Ax —2Ax + A + Bx? —Bx+Cx
x(x—1)2

Compare like terms in the numerators of the first and last functions.

x%'s: 3 = A+8B =1=B8B
x’s: -7 = —-2A-B+C =C=-2
const: 2 = A = A=2

Notice that we used the value A = 2 to simplify the first two equations. The
integration becomes:

3x2 —7x+2 2
= d
/x3 x2+x / +x—l (x —1)2 *

=2In|x|+In|x —1] +2(x —1) "' +c.

Be careful! The final integral requires the power rule and a mini-substitution.

YOU TRY IT 7.5. What would the numerator in the original integral have to be to make the
problem a substitution problem?

EXAMPLE 7.4.2 (Partial Fractions: Repeated Linear Factors). Determine

3x272x73d

Solution.  This is not quite a substitution integral. However, the degree of the
numerator is less than the degree of the denominator (2 < 3) and the denominator
factors into repeated linear factors: x?(x — 1). We form the partial fractions with

a different constant for each power of each factor that divides the denominator—
there are terms for both x and x2. Look very carefully at the numerator in the step
where the common denominator is formed.

3x>-2x—-3 A B C  Ax(x—1)+B(x—1)+Cx?

x2(x —1) =yt tiaT x2(x —1)
_sz—Ax+Bx—B+Cx2
N x2(x —1)

Compare like terms in the numerators of the first and last functions.

x%’s: 3 = A+C =C=-2
x’s: -2 = —-A+B = A=5
constt -3 = -—B = B=3
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Notice that we used the value B = 3 to simplify the first two equations. The inte-
gration becomes:

3x2 —2x—3 5 3 2
T T = [ 242 dx =5In|x| —3x ! —2In|x — 1| +c.
x3 — x? x  x2 x-1

YOU TRY IT 7.6. What would the numerator in the original integral have to be to make the
problem a substitution problem?

7—x

GrDE_12 ™

YOU TRY IT 7.7. Determine /

% —|1—x|uz— |1+ x|ulg 44 11 XML NOX OL YIMSNV

EXAMPLE 7.4.3 (Partial Fractions: Repeated Linear Factors). Here’s a different one: Determine

2
/ (x+1)3 ax.

Solution. The degree of the numerator is less than the degree of the denomina-
tor (2 < 3) and the denominator factors into repeated linear factors: (x + 1)3 =
(x +1)(x+1)(x + 1). We form the partial fractions with a different constant for
each power of each factor that divides the denominator: (x + 1), (x + 1)?, and

(x 4+ 1)3. Look very carefully at the numerator in the step where the common de-
nominator is formed.

X2 A B cC _A(x+1)24B(x+1)+C
(x+1)%  x+1 (x+1)2 (x+1)3 (x+1)3
_ Ax*+2Ax+ A+Bx+B+C
B (x+1)3 ’
Compare like terms in the numerators of the first and last functions.

s 1 = A =A=1

x's: 0 = 2A+B =B=-2

const: 0 = A+B+C =C=1

Notice that we used the value A = 1 to simplify the last two equations. The inte-
gration becomes:

/xzdx_/ 1 2 n 1 i
(x+1P377 ) x+1 (x+1)2 " (x+1)3
=Infr+1+2x+1)7" - 3(x+1) 2 +c

Alternative Solution. We could have used a u-substitution to solve this problem. Let
u=x+1 Thendu = dx. Sinceu = x+ 1,thenx = u —1sox?* = (u—1)2 =
u? — 2u + 1. Therefore

, 2 -2 .
x uc—2u+1 1 2 1
./7(x—|—1)3dx_/7u3 du—/a—ﬁ—l—ﬁdu

=Inful—2u'—tu=2+c
=Injx+1|+2(x+1)"1 = J(x+1)"2+¢

just as above. Which method would you have used? Why?
WEBWORK: Click to try Problems 121 through 124. Use GUEST login, if not in my course.

7.5 Problems
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1. Try integrating these rational functions (answers below). These are a bit harder than

those in the text. Some have three factors. Others have repeated factors.

48> — t+7 x+6
@ [ 5opa ®) /(t+1)(2 wra ™ O [
4x +4
(d)/ x+1(x+2)dx ()/ ) x+1)d (f)/( z)zxd"
2x 2x —1
© /(x—Z)(xz—l)dx )/ )2

2. Try these similar looking problems.

10 - 10x 10
@) /25+x2dx ®) /25+x2dx ©) /25— 24

3. Have you finished all the ones above? Do these similar looking integrals.

4 4
O[Tt 0
2
O [Grapmt @ [ ViR

Answers to Practice Problems

1) [$+5+a7dt=2Int|+Injt—2|+In|t+1[+c

b) [3+34 - Zdt=3In|t+1]+3In[t—3|—2In|t—1|+c
© [ -25dt=x+2In|x—3|—iIn[x+2[+c

@ [ +12 2B ax=1Injx—1|+3In|x+1/—3In|x+2[+c
(e) f3/2+ = 1)2+;fldx—3ln|x—1\—(x—l)_1+%1n|x+1|+c

() [ -5 — )2+1dx— Injx —2|+2(x —2)" ' +In|x| +c
(g) fx+2 x+2)2 21n|x+2|+x+2+c
2. All “4c".

(a) 2arctan(x/5) (b) 51n|25 + x?| (c) In 5

x+5’
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